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AVING, ſome time ago, hit upon a new and eaſy 
* * method of inveſtigating the binomial theorem, by a pro- 
x 7 purely algebraical; I was led to conſider whether 
FE the means which enabled me to inveſtigate that theorem 
would not be of uſe in the inveſtigation of other theorems ; 
and I ſoon found, that a method of computation depending on ſuch 
means might be applied in many enquiries. Whereupon, believing ſuch 
method of computation might h acceptable to the Mathematical World, 
1, with a view of publiſhing it, endeavoured to improve it, and to 
diſpoſe the ſeveral articles relating thereto in ſuch order as might con- 
duce to the eaſy attaining a knowledge thereof. The reſult of my 
endeavours is the following treatiſe ; in which the elements and com- 
mon branches of the analytic art are purpoſely omitted, upon the ſup- 
pofition that the Reader is previouſly acquainted therewith ; my defign 
being only to teach a particular branch of that art, with its applica- 
tion to Geometry and Natural Philoſophy. Which particular branch 
I have called the Reſidual Analyſis; becauſe, in all the enquiries 
wherein it is made uſe of, the chief means whereby we obtain the 
defired concluſions are ſuch quantities, and algebraic expreſſions, as by 
Mathemaiicians are denominated reſiduals. 


The principles of the common Algebra and Geometry having been 
thought inſufficient to enable the Analyſt to purſue his ſpeculations in 
certain branches of ſcience ; new principles, very different from thoſe 
before made uſe of, have, through a ſuppoſed neceſſity, been introduced 
into Analytics. The Fluxioniſis, following Sir Isa Ac Nxwro, 
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introduce an imaginary motion, and recur to the generation of quan- 
tities by a ſuppoſed flowing, or continual increaſe, of their parts, 
r. LEIBNITZ and bis followers, ib @void the ſuppoſition of motion, 
conſider quantities as compoſed of anfimteſimal elements; and roject 
certain parts of the infinitely ſmall increments of quantities as infinitely 
leſs than other parts. In the Reſidual Analyſis, (admitting no 
principles but ſuch as were anciently received in Algebra and Geo- 
metry, ) we neither have recourſe to infinitefimals, nor to the principles. 
of motion; but conſider magnitudes as already formed, without any 
regard to their geneſis, except in 1 cafes, ⁊ohere the manner 
of their being generated may be the proper ſubjef of enquiry: And, 
as this Analyſis is not leſs (if not more) uſeful than the fluxionary, 
cr differential, calculus, it will conſequently appear, that the Analytic 
art, founded, and carried on, upon ſuch principles as were anciently 
received therein, (without the aid of any foreign ones relating to an 


7 maginary motion, or infiniteſimals,) is far more extenſive than f 
Mathematicians have hitherto reckoned it. ; 


Quantities infinitely ſmall, and quantities infinitely leſs than quan- 
bilies infinitely little, being incomprebenſible; and the rejefing certain 
quantities as infinitely leſs than other infinitely little quantities, being, 
except in approximations, a very unſatisfattory (if not erroneous) E 
way of getting rid of ſuch quantities: The Principles of the method Z 
of Inſiniteſimals are certainly liable to ſome juſt objections, which 
cannot be made to the Principles of Fluxions *; fuck infinitely ſmall 
quantities as are almoſt continually under confideration in the firſt 
mentioned method, being no way concerned in the fluxionary doctrine, 
when it is explained and applied in a proper manner. If any thing 
can be ſaid by way of objection to the fluxionary method, it is, 
that the new principles on which it is founded, though accurate, 

| are not the genuine principles of m—_ cs, for the improvement 
of which, thoſe principles were borrowed from the dofrine of motion: 
And that, although ſuch borrowed principles may enable us to give 
very conciſe ſolutions to certain problems, yet perhaps we muſt not 
expect to bring the Analytic art to its utmoſt perfection, otherwiſe 


* Dr. Marv, comparing the method of Infiniteſimals with that of Fluxions, 
ſays, Celle- ci a done le merite d'une plus grande exactitude, mais cet avanta 
| « eſt rachetè par la neceſſitè qu'elle impoſe d'avoir recours aux principes 
1 „ mouvement.“ JoURNAL BRITANNIQUE, Mois de Fevrier 1751. 
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than by proteeding upon its own proper principles. What weight 
there may be in ſuch oljection, T ſhall not take upon me to determine. 
Yet I muſt confeſs, that, how natural ſoever it may be, in the reſolu- 
tron of certain problems relating to geometrical magnitudes, to cf 
der ſuch magnitudes as generated by motion, it ſeems to me not 


natural io bring motion into conſideration in reſolving problems, 


purely algebraical: Nor does it ſeem natural, in reſelving problems 
concerning the motion of bodies, to ſuperinduce imaginary motion:s, 
and therewith bring into conſideration the velocity of time, the 
velocity of a velocity, &c. nor yet dbes it appear more natural, in 
the reſolution of other problems, to make uſe of the fluxtonary method, 
when (as is moſt commonly the caſe in that doftrine) the fluxions 
introduced into the proceſs can only in a figurative ſenſe be ſaid t9 
be the velocities of increaſe of the quantities called their fluents ; ſuch 
figurative expreſſion being not the natural language of Analytics, 
but frequently, inſtead of conveying clear and diſtinct ideas, is 
confuſedly employed in treating of quantities as generated by motion, 
which in reality cannot be concerved to be ſo generated *. Therefore 
J am induced to think, that, not only in the reſolution of problems 
purely algebraical, but likewiſe in Geometry and Natural Philoſophy, 
when an analytical proceſs is requiſite, and what is called the common 
algebra is inſufficient, the Reſidual Analyſis, which is founded 
(as I conceive) on the genuine principles of Analytics, is, for the 
moſt part, more properly applicable than the Fluxionary Analyſis, 
which is founded on new principles borrowed as above mentioned. 
But however, very far from being poſitive in this matter, I freely 
ſubmit it to the Judgment of the Public. 


In comparing the methods of computation guſt now mentioned, 
it may be obſerved, that, where the direct method of Fluxions 
might be applied, we, in applying our Analyſis, compute the value 
of the quotient of one refidual divided by another; and, where the 
inverſe method of Fluxions would be applicable, we, from a given 
reſidual diviſor and a particular value of a certain quotient, 
aſſign the eee dividend, of a particular Refidual form. 
Now, the particular value, which we have occafion to confider 


of ſuch quotient, bring akoays to unity, as the fluxion of the firſt 


* Such quantities are weight, denſity, &c. 


member 
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member of the dividend to the fluxion of the firſt member of the 
diviſer; it therefore often happens, that, though wwe proceed upon 
different principles, part of our proceſs is the ſame as if we had 
purſued the fluxicnary method: So that, in fact, many of the articles 
in this treatiſe may be of the ſame uſe in the doctrine of Fluxions 
as in this Analyſis; and probably ſome of thoſe many articles may 
conduce to the improvement of that doftrine, if the Reader, having 
ſtudied it, ſhould chuſe to adhere to it. 
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RESIDUAL ANALYSIS. 


CH AP. I. 


Tzzus and CHARACTERS explained. 


2 


In any proceſs, a quantity that is conſidered as always retain- 
ing the fame value, is called a determinate or invariable quantity. 
And a quantity that is not conſider'd as always retaining the ſame 
value, but may be taken of any value whatever, or of any value 
between certain limits, (ſome other quantity, or quantities, con- 


T will be proper, in the firſt place, to give an 
explanation of certain Terms and Characters, which, 
in the courſe of this work, we ſhall have frequent 
occaſion to make uſe of :—accordingly, ſuch ex- 
planation is here premiſed. 


cerned therewith, at the ſame time, remaining invariable,) is 


called an indeterminate or variable quantity. h 
B An 
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An algebraic expreſſion compoſed, in any manner, of any 


power or ,powers of any variable quantity, with any invariable 
coefficients, is called a function of that quantity. 


For inſtance, a + bx" + cx" and . are functi- 


gx 
ons of the variable quantity x : And, y being equal to any functi- 


* 2 2 Z 
on of „%, may be alſo conſidered as a function of x. 


x + bVe+y 


Hy be equal to any function of x, it is obvious that x will be equal 
40 jome funttion of y. And if y and z be equal to any functions of 
x, X and y may each be conſidered as a function of 2; and x and 
z, each as a function of y. 


| 


3s | 


If, in any given expreſſion or function of x, wherein x is not 
concerned, x be ſubſtituted inſtead of x, the given expreſſion 
/ 


and that which reſults from ſuch ſubſtitution are called ſimilar 


functions of x and x reſpectively. 


ex + V+ x* 


are ſimilar 


exÞ + LES x* and - 
gx Er 
functions of x and x reſpectively; the values of e, f, g, p, 


and 7 being independent of the values of x and x : And, y 


For inſtance, 


and y being ſimilar functions of x and x reſpectively, 


ax'y + by" + may be conſidered as a function of x, and 


ax y + * * ＋ xy" as a ſimilar function of * or the ſame 


expreſſions (ax y + by" c+ xy" and ax'y + N + xy") 
may be confidered as ſimilar functions of y and y reſpectively; 
: 4 


x; - | 
„ 
— "i - * 3 ** 4 
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a, b, c, m, and n being determinate, whilſt x and ate 


indeterminate. 


y being any function of x, and y a ſimilar function of &; the 


— , "ITY 
8 * ral * _——— Ro 
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value of the quotient of y — y divided by x — x, in the particular 


caſe when x is equal to «, is called the fpecra/ value of that 


quotient ; and x and y are reſpectively named the prime member 


of the diviſor, and the prime member of the dividend. 


The ſaid quotient, which algebraiſts commonly denote by 
TIS 


rn 7-4... Þ Gerad Br eaves ſhall, for brevity ſake, ſometimes 


denote by [x | y] ; and the ſpecial value thereof we ſhall expreſs 
by [xy]. 
Moreover, [x 2] and [x + y] being ſimilar functions of x 


and x, the ſpecial value of I =I will be de- 


noted by [x y]: 
And, in like manner, [x Ah] and [x A5] being ſimilar func- 


tions of x and x, the ſpecial value of [x «- y] — [x 4. y] Xx —x 
will be denoted by [x y] : &c. 


And the like is to be underſtood, when, for any quantities 
having the like relation, other letters or characters are ſubſtituted 
inſtead of x, x, y, and y. 


Accordingly [x y] will denote the ſpecial value of y— y — 


j x— x, y and ,y being ſimilar functions of x and x reſpectively: 
3 7 4 / ” / 


i 


And, ſx. y] and [x=] being alſo ſimilar functions of & 
| | B 2 and 


4 4 THE RESIDUAL | 
# | and x, the ſpecial value of [x « J] — E - 3] — * will be 
I expreſſed by (x 4 y]: &c. 


So [YZ] will ſignify the ſpecial value of z—z — y— 5 
2 and x being ſimilar functions of y and y reſpectively: 

| And [Y] and [y +2] being alſo ſimilar functions of y and y, 
| e | ; 


| | | [y <2] will expreſs the ſpecial value of | y - 2] — [y- 2 — 


y — y: &c. 


Let it be noted, that, whenever y denotes any function of x; 
| 5, Ys J. Js &c. ſhall denote ſimilar functions of x, x, x, x, &c. 


F 


| | reſpectively. 


| 8 : : 
Likewiſe, whenever 2 denotes any function of y; 2, 2, , 2, 
= . 1 M04 


&c. ſhall denote ſimilar functions of y, y, y, Y, &c. reſpectively. 
| | And the like is to be obſerved, with reſpec to other quantities. 

| | 

| 6. 
| When any quantities v, x, y, 2, &c. are concerned in any 
proceſs, and the quantities v, *, Y, &c. or [VL x], [v - y], &c. 


are alſo concerned in the ſame proceſs ; it muſt be underſtood, 
l | that x, y, &c. are each confider'd as ſome function of v, though 
their being ſo related be not there particularly mentioned, 
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RESIDUAL ANALYSIS. 


UH AP; . 


Of the Invention of Rules neceſſary to faciliate Com- 
putarions in this Analyſis. 


IN making computations by the method taught in 
this Treatiſe, we ſhall frequently have occaſion to 

I 5 aſſign the quotient of F—F divided by x— x, 
KK 


F being ſome function of &; or, at leaſt, we ſhall 
often find it neceſſary to have recourſe to ſome 
Rule derived from a conſideration of the relation between the 
ſpecial value of ſuch quotient and the prime member of the 
correſpondent dividend. Therefore, as the Books of Algebra 
hitherto publiſhed are deficient in reſpect to ſuch diviſion, it will 
here be proper to ſhew how ſuch quotient may always be 
obtained ; and to deduce therefrom ſuch Rules as may be uſeful 
to facilitate computations in the ſucceeding Chapters. 


I » 
The Theorems which chiefly enable us to perform the divi- 
ſion above mentioned are the following, viz. 9 8 
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mM ander being poſitive integers ; 


and UW —UW =WXuU—U+SUXW—W;z 
ie / L 7 


which, by an eaſy multiplication, will be found to be true. 


From the firſt equation it follows, that — —_— — 
* mM TY W 5 7 
e „ +2 T {| (#) 
— i — is = — U * — - 2m al 9 25 
Jl” X U 0 wh , wr , wh. 
* eee 
* This theorem may be inveſtigated as follows. 
It is well known, that 
YU — w_ | 


. mM — I mM 2 — | 
<— + BE" w+ OE Im (m), | 


„ a+ I4+r*Þ #), 


m and r being poſitive Integers, 


In the ſecond equation write v7 and w7 inftead of 4 and 6 reſpectively, 5 
and you will have 


* 10 m he 8 2 
. r +v rwr tt rw” (7). 


vr —_ 


Then, from the firſt and third equations, it will appear by diviſion, that 


— 2 1 2 
FF 
52 10 Ss = * zm m f 


N f 6 » Twr r) i 
Which being ſo obvious, it is matter of ſurprize to me, that Algebraiſts have 
not before obſerved it, and ſhewn its fingular uſe in Analytics. 
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Cu ae, II. ANALYSIS. 


ExAMPLE I. Taking = = 7 we have 


1+ 21 


Whence it is evident, that, when w is = v, the quotient of 
4 1 


v3 divided by v — wv is equal to v3 


Moreover, > being == 1.3333 &C. 
3 11+= FI | + 2 (13333) 


v — 703 —V—WiS=vVIX— — nearly; 


4 0 +97 5 + Di (10000) 


L 1+= 5 — . 358380 


or, more nearly, = v* x 


142 — 5 —— 5 — = (100000) 
hc: 


Hence it is likewiſe evident, that, when w is = v, the quo- 
4 4 I 


tient of v3 — w3 divided by v o is equal to 28 For, the 
ratio of 1333 Sc. to 1000 &c. being as 1.333 Sc. to 1, 


the ultimate value of + 1 Ho I (the value of 


UW 


7 TI'S +} (1333 &c.) 


when w is equal to v) is manifeſtly 
1 + = (1000 &c.) 


equal to 15 the quantity from which (by diviſion) 1.333 Cc. is 
obtained. 


EXAMPLE 
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EXAMPLE II. Taking 7 V2 = 1.4142 &c, we have 


e 14 +Y + 5 + (1414) 
+=] "4 IO 


42 (1 ooo) 


Te 1 +— = —. — (14142 
or, more nearly, = * 50 — 72 1 


147 +1 WE ws 


Se. 
Whence it 1s evident, that, when ww is = v, the — of 


* oo 
* * divided by v - is equal to V2 *X v * ": For 


the ratio of 14142 Cc. to 10000 &c. _— as 1.4142 Cc. to 1, it 


1+1+1i+1 (14142 &c.) 
is manifeſt, that the ultimate value of FETETETICSYS 


42 +Y +Y tiara te) 


(the value of = — 7 - when w is 
2 219 2 37 3 
I + + 2 +2 (10000 &c.) 


equal to v) is equal to V2, the quantity from which (by ex- 
tracting the root) 1.4142 c. is derived. 


e 


CoROLLARY I. . mg equal 
8 7 "+2 wie * 7 ” (1) 


to 5 when w is = v; it is TN 5 the Pech value of 


Ae au 


* — 
* n= a 
— — — — — — 


- e =- is equal to =" , whether — be poſitive or 


negative. 
Hence, by ſubſtituting P, x, and x, inſtead of 5 V, and w® 


reſpectively; it appears, that, p being either poſitive or negative, 


[x 2 x*] (the ſpecial value 8 - of =) 1 is = Þ _ 
| ; COROLLARY 


CHAr. II. ANALYSIS. 


CoROLLARY II. K þ av” D &c. — E + 0" + , &c. 


being T 


av” F 4 ber Cee. ef + ba &. V — ww 


is = 007 TY BY "Ton X N &c. 


— 
— 


and av ＋ by Kc. — 4 bio * &c, == d — . 


m * 
— 1 — — 


= - 2 uu 'x M- ZU X N&c. 


1 * + — 2 
M being — +1 ” 


— 32 


1 += + += =P: 


and N 3 2.2 — 3 


old. 


* 


747 2 5.5 0 
Se. 


Cc. 
| Moreover, 
[xk + as + bx? &. ] is, in general, = pax? e Se. 
2 2. 
Suppoſe & — 7 


＋ - F, and 2 — 2 π * == f 7 


r 


_— — — 


Then, We Apts. epics 2 "= = FF will 


9322 -— 2M 
— 


bez E and r a 4 


N 
ax + x3, and æ = ax + x 


C b : then, 


ENS Let ꝝ be ſuppoſed = 


2 
3 
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⁊ R 
0 1 . | = 1 1 18 (m), 
then, F being (by what is ſaid above) 2 x———— — 
| EF AE © 
| 1 += —— 
T — 
5 1 ＋ 2 „ 
and 4 ＋ x 3 * — „ 
/ * 
A ay 
e 
will be 
2 BR bo = od - 
821 3 (m) r 3 
=&” 'X — * * 3X 4 5 * 
N 7 24 45 * 3 
LT 731-1 0 1 DIES Se” 


CoROLLARY. When x is = x, 2 will be S , and f=[x + 2], 
/ / 
2 being any function of x; moreover, by Cor. 1. of the preceding 


Article, F will be = Pd, — 5 being written inſtead of 2. 


Therefore [x of } will be = of ze [2.2] 


ExApIE I. Suppoſe 2 = 4 ＋ bx" + ox" &c. Then; 
[x2], by the preceding Article, being = bmx” © = 


ur- Ke. [x a+ bx" + ex" Kc. ] will be — 


———— p—1. rs e 
axXa+bx" + cæ &c. x bmx” © T Ce. 


Suppoſing the coefficients c, d, &c. each o, we have 


m\P ” i Fn 
[x a+ bx 3 bmp x a + bx KN » 


* 


— EXAMPLE 


Cup. II. ANALYSIS, 


1 


| * Mn hc Þ 
" Exams II. Let 2 be ſuppoſed = a" + a + bx"] , 


—_— 


| 7 9 mm mPp 0 1 n 
Then cx + a+bx" — x + a+ bs | being c. x — x 


4 Wn 4 bt — 0 =_ be", 1 * ＋ a + Jin be = 


[xx JA [x 2 + kT — cnx" J bmp x my” WY xa”, 
- 7 72 
and rr, 4-447 x 


—1 My <1 


cur. + bmp x p * bx" RN 
3. 


Seeing uw — ti is = WXu— u+uXw—x%w, as we have 
#: 8 / / , 


before obferved ; it muſt follow, that ww — wo — v—w is 
3 — W — TW #6 7 


—= WR S_ 1— 


EXAMPLE. By taking 2, w, 2, and w reſpectively equal 


5 8 N ; 
to 2 — f, 4 ＋ vi, 4 — 5 , and a+ -|- ul, we have 


—— 


7 eke d ee 7 
a — * Xa ＋ DU — 4 — X 4 ＋ 5 v — = 
/ / Pp 


+ V —vV x —- c 
. Ve + v2 


7 


2 — 8 l mr, A aan (by what is ſaid above) being 


V+ V [ANGIE Sos 
: P 1 1 1 1 
© ual o — — and a - — 4 b = 
pl Vat —v +a — v*? 7 N 


7 , * 22 * * 


'C 2 l „„ Conor 
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CokolLARV. When vis = v, 1 and w will be equal to # 
, , / 


and ⁊c reſpectively, theſe laſt quantities being any functions of v. 


It is manifeſt therefore, that 
[v L 2770] will be = h Lu [v l. 


EXAMPLE I. Suppoſing and w to be reſpectively equal to 
x" and %, (7. e. ſuppoſing x and y to be equal to any functions 
of v,) we have [UL x"y] = X [N + X X LVL 
= N INL XI TAN N [ve y]. 


ExAMPLE II. Suppoſing v, u, and w equal to x, cx", and 


a+ bal” reſpectively, we have 

[x_- Cx mxab be | 33 2 Ireen ö! 

= en x a+ bx'|x v I + nx" xa + 2 [x a+ bs | 

enn ö * A benr x a +b& Y „„. 
ExaM LE III. Taking 2 and w reſpectively equal to a+bx'\" 

and c + dx” vane we find | 

[v a ＋ bx" ſb LIES IS 'x [v —— 

+ @ + bx" „ea 2 ＋ Wl J=mxc+ del” xa+bil 

x [va + bx" 13 e x c + dx „[IT] = 

amm x c TN N „PENN“ X * IU x] —dr x a+ bx"\ x is 

TD x x" if = a, b, c, d, m, u, and r being de- 


terminate, whilſt x is indeterminate. 


ExAMPLE IV. y being any function of x, we have 
Ea. . Xx & TBL“ I= XLN] 
= my "x a+ bel” Iv La be ]+ 7 N bel” x [x < y] 
= bmn —y x PITT nk + 197 x a+ bill” x [x 91. 


EXAMPLE 


Cu ay, II. ANALYSIS. 

EXAMPLE V, 
[u LS IX Z2]] is [K 2] [x 2}, 
ſx 2[x-2]] = ſx. 2]x[x.2] + z[x< 2], 
[x+y [x JI = [x_y]x[x-2] + y[x<2], and 
I LILLY [INL [INL LAT ey]xxe2] 


y and 2 being any functions of x, 


4. 


way — uw being (as is obſerved in the laſt Article) == wo x 4 —1 


— — — 


+ ** e % A WWx — zb Will be = A A uw xox — x 


#- #7 


= Wx N e + * X a — — WD XxX—x=B; and 


oxy — UWXy = yB o uWx * —y u * 555 X 29 1 


EFF * 


＋ JUW XX K 4- uu xy = = C Sc. 


Es 


It is evident therefore, that uwx () — rer (2) is =wx (1 — 1) 


Xu = + xy(1—2) Xu X W—W Mon (7: N= 
* (2); and, nigen 


n 


uWx (n) — uwx (1) —v—va=wx(1—1) x — + xy(2—2) 
| 10 — 10 *— 4 
* N = FMH unn. 


| | x 
EXAMPLE. Taking 2, w, x, 1, w, and x equal to vs, 


a + dle, b + 517, v5, — Al, and 6 + Il, reſpectively; 


we have v xf xf A N xf S 


* 
—— 
* 


13 


— —— — * 
— — — 
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== = FF f „ I x 
EF 


1 


2 I ERS 
FFI xvi xa x —L— + xafFa} 
| , a + * 
Iv 0 
b + v 
1 ü T „ 
b + | X CES 73 v — -- YV—v(by what 
6+ 0? b + v|'* 8 
1 TIES 
aw = 1 
is ſaid above) being equal to v * EET, 
e 
aN — ] e- v equal to T XR , 
/ / a + * 
TIES 


— — 


and l — 9 ＋ * V—v equal to 
b + v : 


4 * 
5 ＋ . —— 


TRY 
* 


CoRkolLL AR. When v is RN to v; u, ww, x, y, &c. will 


, 


be reſpectively equal to 2, w, X, y, &c. theſe laſt quantities 
being any functions of v. It is evident therefore, that 


IV uwx (u)] will be = wxy (2—1) x NUL + uxy (7 5 1) * 
[24.0] + wwy (21) x [VL x] + (7). 
EXAMPLE. Writing of „ „ y; inſtead of , ww, x, and 


y reſpettively: we have [v Y N = w x [vt] + 
| P 
7 


Char. Il, ANALYSIS. 
xy x I w] + w rea T das x [v < 254 = 
Pol x- y ol 80 wo u] + - gu xywW"x[v.w] + ru Fay x" — 


x [v + x] + al w/x'y „ [; 1, w, x, and y being 
any functions of v. 


5. 


Suppoſe F — F XK -, =Q, and f—f = Xx . 


Then, F — F being = Q x, and f — f = XxX = Xx, 
F — F — F + — f— f—f is manifeſtly = = 


ExameLe. If F, /, F, and F, be equal to ax -- x", x7, 


ax I * , and x reſpectively; F — F + 7 will, by 


what is done above, be 


ax + Xx 
Ll U 
1 1 + 
— - + x* 
= ax +x| *' X —.— X a + x + x 
ax + ax*\' ax ＋ * . 
* ao a # 
, IT 5x 2 r 


x + x 
, 


CoroLtarRy, F and f being any functions of x, the value 


F — F 
—, when x is = x, Ci. e. when 


221 


of the quotient or fraction 


2 
(x f] 


both numerator and denominator vaniſh together,) is = 


EXAMPLE- 


C9 
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ExAMPLE. If F and F be equal to @ PU and a TI 
EI r 

2 when 


(=— 


1 A= 


reſpectively, the value of 


8 I 

2 > 

i : x X a* x*| a + x*|* 

K is &, Is equal to 2 7 r= 2X * 
Fg 3 7 
TAT 


6. 
N and D being algebraic expreſſions ſo compoſed of x and 


other quantities, that each of thoſe expreſſions becomes equal to 
Nothing, when x is equal to ſome certain quantity &; it is 
obvious, that N and D (the expreſſions which reſult by writing 


x inſtead of x in N and D reſpectively) will both vaniſh when « 
is equal to æ. Therefore, if, in the quotient of N — N divided 


by D—D, x be taken equal to &, the reſulting expreſſion will 


be equal to . let x be what it will. Now, by what is 
ſhewn above, the quotient of N — N divided by D — D 
N= N = 


- 


— * may always be readily aſſigned in terms 


which ſhall not vaniſh when x and x are each equal to &, 


unleſs the value of that quotient be then = o: conſequently, 
by aſſigning ſuch quotient, the value of 5 will be had, as well 


whe N and D are each equal to Nothing, as in any other 
caſe, 


EXAMPLE 
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EXAMPLE I. To divide 24 + 2X — agT of by 13 


The dividend and diviſor both vaniſhing when x is equal to | 
a, it is obvious, that, if, in the quotient of 


— * 


— 


aa + 2* — — v26* + 2x" — 24 divided by 


2 be taken equal to a, the reſulting expreſſion 


Va + 2x* — 22 fr 
x — a 


will be equal to „ let x be what it will. 


PCT 


ͤaà2˙ 1k ———— 


= 3 2 1 
V 24 + 2K — 24 * — 4 ＋ 2x* — 22 
| | ' , 


Now 


is manifeſtly 


V 24 + 2x* — 4 ＋ 225 a ; 
= — 20" Xx which, by what 


oy —_ 


2 NX + x 

- . p 2 
is done above, is = ———= — — 
Vꝰ̃ 4 + 2x* ＋ V 2a® + 2 & T* xT4 x7 


2 
T 


Conſequently, by taking x equal to @, we have 


Va + 2x* — 207 of 2 X 4 F 
22 — + x — 24 . 
1 24 + VA + 2x* af + aIx7 + x* 


Whence it is evident, that, when x is equal to a, the quotient 


of Via + 2K — 24 K + * a is = rh 
Ex ATE II. Suppoſe N and D equal to Vail — x* — 
and 2x — 77 + x] reſpectively. 


Then 9 x* = bx — Vas = x — Vo be 8 


EIA M being = Vas = 3* — ee — x ©. Sa ro 


DB. 1 vi 


qr rr , 


— 
— 


— — 
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243 - = - een er. = 
* = — 


141 2 ＋ 2 Ns 4 $ 8 1 
— and 2X — 7h px — 2x — 7 + x|' 
1 += : ; 
* — X 22x — 2X = * — * — 72 + pry DN N 
ö 3 * + xx + ** 
— — — — 1 8 
— * 5 2 7R + x" X 77 * 1 7 + x3 I 
IT f 1 
N- N- «K — 
f will be = 


ESL 


2h) — * — K* — Xx — ox? 1 1 I + — 1. 
— — E K* X 
V — * + V 2x — x 
/ 
- 142 


** + xx ＋ * 


2 — 


FF +Tax + 1+ + ol 


From whence, by taking x equal to &, we get 5 = 


em. 


PB * — 4 — Fx Fa ＋ 197 =+= 1 _ 
V 2h x—=x* + 1 
1 7 


— 


2 7 


Tg N + 24 x 74 + Fol + 4b 


Hence 


Cu Ar. II. ANALYSIS. 


Hence it is evident, that when x is = E, 
VaPs— of — vb. 10 


: 8 2 — E. 

3 313 7 
2x — TR + x 

CoRoLLARY. Seeing it amounts to the ſame thing, to take 

x equal to x, and afterwards x equal to &; as to take, at firſt, 


x and x each equal to &: it is obvious, that the quotients or 
f 


fractions 5 and — become equal to each other, when x, in 


I 
each, is taken equal to E. 


ExaAMPLE I. Suppoſing N and D equal to Var Xx -& — 
Vr and 2x — yr + & reſpectively; we have [x © N] = 


— „, and [x = D] = 2: It 


Varæx -* 2 1 77 2 
15 — , When x is taken equal 
* 


appears then, that the value of 


to 7, is =— ; and the ſame is the value of 5 when x is 


ſo taken ; which agrees with what is done in the preceding 
Example. 

ExAMPLE II. If it be required to find the value of the 
quotient of uv 1 — 7 uV/ 1 — u divided by u — 1, when 


1 is therein taken equal to ; we are to conſider 4 as inva- 
riable : then, the ſpecial value of 


— —— 


ui —u — 2 — 2 — 2½e —uU — U/1 — 2 — 
7 4 i” 


77 


A 
* 


= /j — and 22 — t— 


zz being = — 


12 u* 2 
4 


» — 
Vie 


— 7 — 7 being == — 1, We ſhall have 
/ . 8 « M1 — u* 
* 


(= = for the required value of 1 — 7＋ — WIA 


+ V1. i 


—— * *. | | 
* De EXAMPLE 
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EXAMPLE III. Let 5s, c, and y be any functions of u; and 
let it be required to find the value of the quotient of 


yy X CU 1 = —CUV/ e + uu TWIN 


divided by 2 — z, when z is therein taken equal to . 


Here we are to conſider 1, s, c, and y as invariable ; and 
we may obſerve, that the propoſed quotient is 


=Xy ug - n = A= * 


* 1/1 — 2 2 — 1 . Now the ſpecial va- 


lueof y—uy—yv/1T—if VII un U X VIA 2 


1 is — [ * ν, N = x . 
7 7 7 / 7 / 


uv 1 — 1 — 


7 * — — — — — à— — —— ˙ 
uy + 8 and 1 — ½ — ½ — ＋ ½ — is = I; 
J Womans the #1 7 FP ? 


- 


moreover, the value of ä Ii — x —ua/1—XuY — 4X — th 


when z is = u, is equal to ——=— = by the preceding Example : 


77 
therefore, [z < y] being I 5] when z is = u, and y being 
2 


then = y; [25 — is the required value of the 


2 
V1 
quotient propoſed. 


ExAMPLE IV. Suppoſe y to be any function of *: 


21 
Then, [x 2 3] — LK I = [x 2 ½ — — being = 
x—xX[xLy]—=y—y L II- Y x [x 49]=9-7 
— „we have =" My 
* ,4 - N - 1 
* 0 — 


where 


Cray. II. ANALYSIS. 


where both numerator and denominator vaniſh, when x is = x 


(being then == y). 


Therefore, by our rule, the quotients or fractions EL ** E 
— [x 5) + [#2] 
and - 


are equal to each other, when x, in 
— 2 Xx * — * 7 


each, is taken equal to x. But both numerator and denomi- 


NT 


nator of the fraction vaniſh, when is equal 
— 2X Xx — x , 
U 


to x. Therefore, applying our rule a ſecond time, it appears 


in [ni] 
that the quotients or fractions N —— and 


3 


are 


equal to each other, when x, in each, is taken equal. to x. 


Conſequently the value of the quotient or fraction — ty * = 2 'F 

when x is taken = x, is equal to 2 x [x A 9]; which, it is 
$7 [x <3] 

- when x is taken as juſt now men- 


plain, 1s the value of 
tioned, 


7. 
y, 2, &c. being any functions of x; and F and F being 


algebraic expreſſions compoſed, in any manner, of all, or any 


of, the quantities x, y, 2, &c. and any invariable quantities: 
If F be always = , 


. 
r 


and conſequently [x FI = [x L]. S 
| The 
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ty The deducing this laſt equation from the firſt, (and like- 
wiſe every ſimilar operation,) I call re/idual divifion : For the 
ready performing of which, the Corollaries to the firſt four 
Articles may ſerve as Rules. 


Examerte I. If ax be = by", we ſhall, by reſidual diviſi- 
on, have 


a =[x 4 by"] = n x [x 2; 


or aX[y L =[y < by"] bn ; 
or aXx[v- x] = ſo. by] == my x [v Ly], 
v being any function of x or y. 


ExAurIE II. If y be = a + bx — ca, we ſhall have 
[x - y] = 4 — CX[x <2], 
or 1 = b[yax]=c[yLz} 
or [Z L = b[2z ax] -. 


EXAMPLE III. From the equation ay” = F — I", we get 
_—_— ry 7 11 — 1 
amy [x L= =- 2 N — x ; 


Or amy = 2 f [x] * 7 — . 


or any" Ly = 2 L KI X — . 


v being any function of x or y. 


ExAMPLE IV. From the equation x = ay'z , we find 


1=amzy Xx [xy + am x [x 2]. 


ExAMPLE V. If x be = = + V3 +2} =" + 


5 + z1*, we ſhall find, by our reſidual diviſion, 


Wat 4 UZ. 


111 
— 2 3 


ExAMpLR 
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ExaMPLE VI. a” ＋-5 being = of x A. we get 


my "(x y] = Fo x4 4x1 + nx” MI a + * 


ExAmMPLE VII. From the equation ax'y + bxz* = c , 
we pet 


2axy + ax [x L + bz + 26bxz[x +. 2] = 2cyz*[x <3] + 
| 2Cy 2 [x to Z]. | | | 
ExAaMPLE VIII. e + cy" being o, we have 


© rk 


am. + , bay Oxy] + [* ]=0. 


ExAMPLE IX. Suppoſe x = ay [x =: then, by our di- 
viſion, we find 


1 = 245 [Lx ＋ y] + y]. 


ExAMPLE X. Let axy+ bx [x L] be ſuppoſed = o: then 
we ſhall have 


ay + ax[x LN + 2bx[x 3] + bx* [xy] = 0. 


ExAmPLE XI. ax [XL 2] HIL TL TIA BY being 


=o, we find 


„Leal + axſx 22] + LL D + [xy] + 
2c [x lc Ly o. 


ExAMpT XII. Suppoſe x* + axy + by* = ©: then, by the 


diviſion ſo often mentioned, we have 


2x ＋ ay + ax[x 3] 2% [x +5] = 0: 


And from hence, by a fimilar proceſs, we get 
2 + 2a[ſx+Ly]+ax[ſx4y]+2b[ſx-y] +2by[xuy] o. 
ExaMPLE XIII. If y be = ax” ; [x25] will be = am 


"= I= am. I. «„ , and [x Ay] =am.m —1.mM—2 


, Ge. as appears by the method of diviſion above · men- 
lanes. 8, 
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8. 


2— 7 2 — * —— oF 
is manifeſtly = —— : it is obvious therefore, 
N 


* 


* 
that, y and z being any functions of x, 


EAI. 
LX 


[x 4.2] 2 
9. 
Joy Sons 
X 


——— 1 =1, [XL XD Lx] is evidently == 1, 


and [x Ly] = 83 


From this laſt 2 we get, by reſidual diviſion, 


[4.5] = [tf „which (by what is ſhewn in the pre- 


[y 2 
2 — ww WG 
ceding Article) is = 92 75 STR 5 3 r 
Moreover, from the equation II = — 7 — 7 we 
* 
find, by reſidual diviſion, [x A y] — [x - 2 
n 
22 2 e 24 
— Xe — 2 „Ce. 
9 — LI I Deas) Nr f LDA! 


From what is done in this Chapter, it appears how the values 
of the quantities x y], [x y], &c. or [y x], [y x], &c. 
may be obtained in terms of x and y, from an equation ſhewing 
the relation of the two quantities laſt mentioned, when no expo- 
nential quantity is concerned therein; which values we ſhall 
have frequent occaſion to compute in the inveſtigation of propo- 
ſitions by this Analyſis. Rules for computing the values of the 
laid quantities [x =, [x Ly], &c. [Y x], [y £ x], &c. from 


equations containing exponentials, will be. given in the next 
Chapter, 


THE 
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A EL OL 
c CIC Zoo! Z 


D 
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CHAP, III. 
Of Exponentials and Logarithms. 


S one variable quantity may be denoted by the 


A 5 algebraic expreſſion x, or the like, where the Root 
only is variable whilſt the Exponent remains inva- 
variable; ſo may another variable quantity be 


denoted by 1, or the like, where the Exponent only is variable 
whilſt the Root remains invariable. Therefore, having ſhewn 


how x" — x, may be divided by x — x, it will now be proper 


to ſhew how en — 7: may alſo be divided by the ſame diviſor 
(x — x)—In doing which, we ſhall firſt aſſign the value of »* 


in a certain ſeries of terms of A and x, wherein the exponents of 
the ſeveral powers of theſe quantities ſhall be invariable : by 
help of which ſeries we ſhall be enabled readily to obtain the 


deſired quotient of x — 1 divided by x — x. 


E We 
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We ſhall then ſhew how, by means of that quotient, the value 


of n may be aſſigned in another ſeries of terms of u and x, in 
which the exponents ſhall be invariable ; and likewiſe how, from 


the equation 7 = v, the value of x may be aſſigned in a ſeries 
of terms of 7 and v, with invariable exponents From which 
ſeries many ufeful concluſions relating to Exponentials and 
Logarithms will be eaſily deduced. 


I. 


mi 


Aſſuming x =1 + b.x—1+ 6. a=} a d.x—1] 
&c. it is propoſed to find, in terms of m and r, the coefficients 
F 

Writing (in the aſſumed equation) y inſtead of x, we have 

1 = 1 +6, y—1 ... + 4. i &c. 
and by ſubtraction, 


s == go = bh mole cnn 7 = * 
4 ws yon - bes: 


If, now, we divide by the reſidual x — , we ſhall get 
2. 1+2 +2] 0 
* * 3 2m 
T 0 
. x—1 n 


&c. which equation muſt hold true let y be what it will : 
From whence, by taking y equal to x, we find 


—_— 


* x" 42a £07 + 3d. x - II &c. 


WS 


Conſe- 
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Conſequently, multiplying one fide by x and the other by 


| m r . 
1 + x—1, we have **, or its equal 
＋ + b. -I ＋ c. - + 2d .x—1] &c 
. | 
= + SPST + Mama + 4]e=T 6c 


Hence, by equating the homologous terms, it appears, that 


J 4 ESE: cen DE bee: 
Yr ar 3r 4r 


In like manner, if we aſſume 


— = I +b.x—1 +£.x=1| +d.x=—1| &c. 


4 7 


we ſhall find þ =— , S 4. — . e, &c. 


Conſequently, — being = K, it is manifeſt, that, 
4&7 


N . . — 2 
whether the exponent — be poſitive or negative, x” is = 
. M Mr S m May „ — 27 
1 — 21 — — Xx — 29 — — , — 1 

423 7 11 ＋ . — 
&c. 


Hence, by writing 7 inſtead of x, and x inſtead of , we have 


x 


NT Ones. — * — 22 3 
” = I+xX.n—1 + K. . 71 4 
&c. x being any number whatever. 


And, by ſubſtituting, in this laſt equation, A inſtead of 


a 


o X . * FY | ws 1 SO 2 
2, it appears that a + z| is N. S TR. .0* 2 
T2. = === . 6 33 Ce. which is the Binomial Theo- 


2 
rem #*, | 2. The 


* The ſame concluſion, by referring to what is proved in the preceding 
Chapter, may be obtained in the n brief manner; but 1 3 
2 that; 
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2, 
23 TS | 
The expreſſion — — being = = 7x , which by the 
N 9 
preceding Article is 
Rx — gd — I * — 5 — 1 X=— * 2 
= u K — 14 —— 1 7 


3 
Sc. it is obvious, 3 when x is 1 to x, the value of the 


quotient of 1 — divided by x — x iS 


— 
4 


1 — 1 1 2 
e 


2 
which converges when is a poſitive number leſs than 2. 


4 


g being put for the ſeries 2 — 1 — 


x 
= 717 XN —1— 


- EE. ; 


— 


Writing - inſtead of 7, we get 


* * 

1 7 

ſpec. val. * pe um ———_—x oro of - oe 
: N 9 3 


. 


that, upon the firſt application of what is there taught, it would not be'® amiſs to 
give a more explicit proceſs. 
The brief inveſtigation is this. 


Aſſuming 1 + o| =1 + bv + w* + d Cc. 


we get, by reſidual diviſion, (o — v being the diviſor,) 
U 


xX1+ 55 b + 2c + 3dv* &c. 
Conſequently, multiplying by 1 + v, we have 


* Xx IT f, or its equal x + bv. 7 27 + xdv* Oe. 
= b + Zbo+ tw + #49 &c 


From whence, by equating the homologous terms, M. c, d, 6 will be found 


equal to x, ——, cb — i ===, Oe. reſpectively: And then the value 


of a ZI may be obtained by ſubſtituting — inſtead of v, From 


— Ee. 


x 
* 


N 


Cray. III. ANALYSIS, 


From whence we find, that the ſpec. val. of 19131 x 


2 3 
* 11 — I TI n— 1 I Noe] 3 * 


g being now put for the ſeries — + =. === &c.. which 


. 
2 n 


. . I 
converges when u is any poſitive number greater than —. 


3. 


Aſſuming n' — 1 + Ax ＋ Bx* ＋ Cx &c. it is propoſed 7s 
find, in terms of n, the coefficients A, B, C, &c. 


u being = 1 + Ax + Bx* + Cx" &c. 
we have, by ſubtraction, 
1 — 1 A. - TB. — ＋ C. I &. 
/ / / 


and from hence, by diviſion, 


ATB. ITT TC. T &c. 


x x 
3 


N — F 
7 


Now, the quotient of — 1 divided by x — x being, by 
the laſt Article, equal to g xn when x 1s = x, it follows, that 
gn, or its equal g + gAx + gBx* + gCx* &c. 
is = A + 2Bx + 3Cx' + 4Dx* &c. 
From whence, by comparing the homologous terms, A is 


1 1 gB 2 
found = g, B = 3 Cant == =, fc 
Therefore u is = 1 + gu + © + £2 + £ Ge 


From the equation n = v, it is now propoſed to find x in terms 


of n and v, 
If 
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If x be aſſumed = mx v—1+A.,v— 11 +B v — 1] Ge. 
and 1 = v, (n, A, B, Cc. being ſuppoſed independent of v,) 


* = 1 * V1 44 4By- 1] Ee. 
and, by ſubtraction, 


nN A. 5 U . B. 5 —=1 — 5 il Sc. 
From which laſt equation, by dividing one fide by n — 1 


we ſhall have 


and the other by v — v (= v—1 —v—1), we get 


5 mw oF 


po I T- TN Ge. 


1 


Hence, by taking x equal to x, and v equal to v, we have 
. / 


. - =mMX1+2A.,v—1-+ 3B. . — Sc. 


g * n 


g * * by Art. 2, being the value of the quotient of 1 
divided by x — x, when x is therein taken equal to x. 


But — is = L ——==—, which, by diviſion, is found 
1 U I FI V—1 


equal to 1 —v—1 4 v—1] TT T=0] = Se. 


It is evident therefore, that 5 
* -i + i — —1] + v — 1] —&c. 
is X IT zA. v1 3B. vH +4C.v-1] + 5D 51 — 


From whence, by comparing the homologous — we find 


1 
g 2 3 4 


— 14 TT 


Char. III. ANALYSIS. 
g 
By putting 1 + equal to „ = wv, we have, by Article 3, 


1+u=1+g +< + — + . 


2 2:34 


and from the equation. 


a | 
xX i + 2=" — &c. 


W 


1 . u® 1 u* 
X = — XI} mn nm — — Tc. 
7 * . 


o 3 


4 
where g is 7 — 1 — 2 il = + Ec. 


2 3 
or + 2 | + — .— TC 
1 2 n 3 8 


n 


CoROLLARY I. Lrgarithms being an artificial Set of numbers 
correſponding to another Set of numbers in ſuch a manner, 
that the ſum of the logarithms of any two numbers is equal 
to the logarithm of the product of thoſe two numbers *; and 
the ſum of the exponents of any two powers of any given quan- 
tity being equal to the exponent of that power (of the ſame given 
quantity) which is produced by multiplying thoſe two powers 
together ; it is obvious that the exponents of the powers of any 
given quantity are logarithms of the values of thoſe powers 


reſpectively: For inſtance, a, b, c, d, &c. are logarithms of 
. 0 
1 u, u, u, &c. reſpectively. 


It follows therefore, from what is ſaid above, that 


2 3 

1 3 v — 1| 9 — 1 1 u* 1 . 
2X. ws 1 mie 2h . „ „„ e.. 
- 3 F * 


— 


1 w? 705 : 
and 2 + _— Sc. are logarithms of v, 1 + , 


* From this property of logarithms, it plainly follows, that, 5, c, p, and N 
being any numbers whatever, the Log. of & = the Log. of c is = the Log. 


6 
of FR. and Pp * Log. of N — Log. of N. a 


and 
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and 1 + w reſpectively, in the ſame Set, g being of any deter- 
minate value whatever, 


From the equation, Log. of 1 4- z — 7 * — 2 ＋ 2 — &c. 


we, by writing — inſtead of à, have Log, of 1 + ( Log. of 


* 4 —3 


— Ec. and 


1 ＋ Log. of u = ＋ t — ana : 
conſequently ' 
Log. of 1 + # = Log. of ur — — + ＋ — Ec. 


which laſt ſeries converges when the ſeries in the former value 
of the Log. of 1 + does not converge. 


Vt ns = n Se. 


So from the equat. Log. of v = = x 1 — 
g 2 3 


(where v muſt be a poſitive number leſs than 2, ) we, by ſub- 
ſtituting — inſtead of v, find 


* 


8. i 
I 91 1 91 Ly U—] 


2 5 VU 3 "L LIW 
I 


where v may be any poſitive number greater than 2. 


Now, as in theſe logarithmic expreſſions the value of > may 


be taken at pleaſure, ſo that in any one Set it be always the 
ſame ; it is plain, that, to any Set of numbers, we may adapt 


as many Sets of logarithms as we pleaſe, by taking 7 of diffe- 


rent values in different Sets; and the logarithm of any number, 
in any one Set of logarithms, being to the logarithm of the ſame 
number, in any other Set of logarithms, as the value of the factor 


> in the former Sct is to the value of 7 in the latter, that factor 
is called the Modulus of the Set. 


Scuorluu. Lord NAPIER, the Inventor of Logarithms, firſt 


gave a Set, whereof the modulus is Unity: —In which Set the 
logarithm 


Cuay. III. ANALVYV SIS. 


logarithm of 10 is 2.302585 *: — Of this Set are the logarithms 
now called Naprer's logarithms +, And he afterwards, with the 
aſſiſtance of Mr. Br1G6s, (then Savilian Profeſſor of Geometry, 
at Oxford,) undertook to compute a ſecond Set of logarithms, 
wherein the logarithm of 10 is 1; (which Set he found would 
be more convenient for trigonometrical calculations than his 
former;) but, Lord NAP TIER dying before they had finiſhed 


their deſign, the work was completed by Mr. Bx1Gcs, and 


the logarithms of this ſecond Set (which are the common 
tabular logarithms) are called Briggs's logarithms. The mo- 


. . I . 
dulus of this ſecond Set is 2302505 = 94342944 for, by 


what is ſaid above, the logarithm of 10, which in this Set is 

1. = 7 x 2.302585; and, conſequently, 5 = I 
CoRoLLARY II. From what is ſaid above, it plainly appears, 

that if, in any Set of logarithms whoſe modulus is —, x be the 


g 
logarithm of any number whatſoever, that number will be 


equal to gfx? g g ON TO 
1 b. « 


CoRoLLARY III. By taking, in the laſt Corollary, x equal 


to 7 it appears that, in any Set of logarithms, the modulus is 


1 1 1 2 
always the logarithm of 1 T I +> + 753 + 2 Fe. 
(= 2. 7182818); or, which is the ſame thing, of the ratio of 
the ſum of that Series to Unity: which ratio is therefore, by 
Mr. Cors, called the modular ratio. 


And, — x being the logarithm of the reciprocal of any num- 
ber whoſe logarithm is x ; it appears by taking, in the ſame Co- 


rollary, x equa! to — 7 that the modular ratio is that of Unity 


to the ſum of the ſeries 1 — 1 _ — * — 
| 2 2.3 2:3: 4 
(So. 3678794). 


* See Scholium to Article 6. + Theſe are alſo called Hyperbolic 
Narithms, for a reaſon that will appear in a ſubſequent Chapter. 
F 
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CoroLLary IV. It is evident then, that, in Naprer's Set, 
(whereof the modulus is 1,) 2.7182818 is the number whoſe 
logarithm is 13; and that 0.3678794 is the number whoſe 
logarithm is — 1: Alfo, that, 2 being = 2.7182818, 


1 is =1 + x + + "5 + — Sc. 
6. 
Napier's Log. of 1 + x being, by Art. 5, = X —= + = — 


< + &c. it appears, by writing — x inſtead of x, that Napier's 


Log. of T=xis=—x —E —E —© &c. and, by ſub- 
x 


traction, that Nap. Log. of 1 + x — Nap. Log. of 1 — x (= 
Nap. Log. of —.— is equal to 2 x x + - + - + 7 Ge. 


By this theorem the logarithms of ſmall numbers may be 
eaſily computed. 


Exau LE I. To jind Napier's kgarithm of 2. 
Suppoſing A = 2, x will from thence be found = £, and 
1— * 3 


Rin 
therefore Nap. Log. of 2 is = 2 * 1 + 2 I, Sc. 
= . 69314718. | 


ExAMPLE II. To find Napier's logarithm of 5, 


From the equation or hd => we find x = 27 and, con- 


— 


EEE tn Ae nts oe ate the, 
ſequently, Nap. Log. of AX FTE c 
O0. 22314355 


ScuoLiuM. To find the logarithm of a great number, by the 
fame theorem, we muſt find the logarithms of ſuch ſmall numbers 
as, being multiplied together, ſhall produce that great number ; and 
then, the ſum of the logarithms of any numbers being equal to 
the logarithm of the product of thoſe numbers, we ſhall, by adding 


thoſe logarithms together, find the logarithm required. 
EXAMPLE. 


ChAP. Il, ANALYSIS. 
ExAMPLE. To find Napier's logarithm of 10, 
It is obvious, that 10 is =8x2.=2X2X2X2; there- 
fore, by what is juſt now ſaid, Naprer's logarithm of 2 being 
computed, and likewiſe his logarithm of * the ſum of this laſt 


logarithm added to three times the former will be ( 2. 302 558ͤ 509) 
the required logarithm of 10. EF 


Other theorems, more convenient for computing the loga- 


rithms of fome certain numbers, may be deduced from the 
above; of which the following are examples. 


ExamMPLE I. To find the logarithm of n, having the logarithms 
of n—1 ond n +1 given. | 


Suppoſing ——= or its equal — = = . we from 
thence find x = — -. Therefore, by the theorem in the 
laſt Article, Nap. Log. of — - (= 2 x Nap. Log. of 1 — Nap. 
Log. of n—1 — Nap. Log. of 7 JI) is = 

2 X 5 3 + e Sc. 


1 1 
We, = e 


and, conſequently, 


Nap. Log. of n—1 + Nap. Log. of n + 1 I 
Nap. Log. of R ES « — —— Po 


2 


I I 
— "= ty” — Ee. 
TP 3 —T] P 5. 2 —1 


ö This theorem is very convenient for computing the loga- 
rithm of any large prime number. 


ExaMPeLe II. To find the logarithm of a large number n, 
baving the logarithms of n — x and n+ x given, 


F 2 The 
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The Log. of „ eee xx + = © + © Se. 


the Log. of — is = Mod. x x + © = PIES 1 Sc. vhich (the Log. 


of — being = 2 x Mod. x x + = __ - Sc.) is = — x the 


Log. of —— x — = — X Log. of - 2 x 


I Fer” 4 175 be Lo = Ec. Hence, by ſubſtituting — — inſtead of 


x, we 9955 Log. of - - (= » of 1 — Log. of 2 — x = 


— X Log. of - "x * 1 + = Zn * TI + = Sc. Therefore, 
45 Log. of - + x * being — Log. of & — Log. of 2 — x, the 


Log. 8 EATS — x Log. of n—x + 


Log. of PI — Log. of „ pr” 
2 2 _ _ 180ns Ee. 


1 5 


This laſt theorem is very uſeful in enlarging a table of 
logarithms. 


f 8. 


It may ſometimes be of uſe to obſerve, that, when v is a 


very large number, the Log. of I + — will be = — nearly, the 


y—3 98 


value of the ſeries — — — Cc. (See Art. 5. 
Cor. 1.) being then ſo very "final that it may be neglected. 


Therefore, v being as juſt now mentioned, if 1 + Abe ==N, 
the Log, of N (x Log of 1 T. 4) will be nearly equal to. 


9. By 


Caray, III. ANALYSIS. 


1 
By Art. 2. [x + n ] is = gn, g being (by that Article, and 
Cor. 1. Art. 5.) = Nap. Log. of n. 


But in Napier's Set, 2.7182818 is the number whoſe logarithm 
is 1, as appears by Cor. 4. Art. 5. 


Therefore if 7 be = 2.7182818 (7. e. if the ratio of 7 to 1 
be the modular ratio) g will here be = 1; and, in that caſe, 


2 J is n; or, v being , [x v] is = v. 


_ Conſequently [x v] x [vx] being = 1, (by Chap. 2. Art. 9.) 
[vx] is = , where x is Nap. Leg. of v. 


Moreover, by Chap. 2. Art. 8. [V x] is equal to 8 


(# 0] 


this laſt expreſſion muſt therefore be — — ; and, conſequently, 
— 


U 
u being any function of v, or x. 


> For brevity ſake, we ſhall, in future, put L: x, L: a + 6x, 
L: x + V1 + x F, &c. to denote Nap. Log. of x, Nap. Log. 
of 2 ＋ bx, Nap. Log. of x + V 1+ x , &c. reſpectively. 
ExAMPLE I, Suppoſe v = 1+ 2: then we have 
„ 2 
la L: TTFZI TE n 


Ex AMI II. Sufpofing v = @ + 88 we have 


- i [u L 2 + bz FU . 
. L= I . 


ExAaMPLE III. Let v be ſuppoſed = a + 2 + V 


[22 ] — 


Then we have [us L;a T2 ＋T V ＋ 1 +}. 
| | V2ez + 2 


[4 
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[40 +2+ Ve F I being = eee 1 


EXAMPLE IV. ſus L: 2 + VA + NILS 1132 — 2] 


ExAMrTIE V. v being ſuppoſed = 5 4 3 we have 
L: e . 


W 


ExAMPLE VI. Taking v = ents we find 


a ＋ V 
; 4 -V + 2 J 22 [ — 2 
L a ==] T 
10. 
By the laſt Article we have [x = L: 751 = 22 Now 


r 


L: being =vxL: r, | wy of * Js x L vxL: 12 
[x L XL: r, v being any 90 of the variable quantity 


x, and r invariable: Therefore 2 — 2 is then [x vx L: 7; 
r 


and, conſequently, [x —- 7] r „ [x L] XL r. 
But if both „ and v be functions of x, [x + vxL:#] 


= [x6 L: pf] = = will be = [ = L: I + 


v — Conſequently [x r * will then be r x lx v] 


x L:r + oſx 7]. 
By proceeding much in the ſame manner, may the values 


of [(x r | = and [x A 1 Sc. be found i in terms of , v 
W, x, [(x II, Ix L vl, [x L uu, Gc. Ex AN 


Cn Ar. II. ANALYSIS. 


ExamPLe I. N and u being invariable, [x < Nr] is 
= N“ X L: N. 


Exams II. If a, l, and n be invariable ; [x TFN 
will be = n PHH“ XL: a+ bx + bnxxa + bl 


ExAMPLE III. If (A, N, and a, b, c, &c. &c. being invariable) 
AN“ be = y +a.y +6.5 + c(n). 
we, by reſidual diviſion, ſhall have 
AN x [y_x]xL:N=y +6b.3y+c.y+4d (n — 1) 
+ Ta. JTS. T4 U-) + YT. ITB. 3+ 
(11) + (#). 
IT. $ 
By the binomial theorem, inveſtigated in Article 1, we have 


1 +2] 2 — + VE + — : 2 + — — 2 &c. 
from whence, by reſidual diviſion, (o - v being the diviſor, and 


the value of z independent of v,) we get 


v v—1 . 2 
I AU XL: ITZ * — 7 E v = {EG 


9.21 


Hence, ſuppoſing v = o, or any poſitive integer, we find 


: 3 1. 1.2.3 (% +1) 1 
L: I＋ 2 + 1 +21" — | 


v+2 v+3 Te 


2 2 
I DNR 4.5 b(v+1) * Ge. 


. ö rr 
P being put for z ＋ 1 + V. 1 — 730 
v. v— 1 


12. Again, 
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12. 
x+1 


Again, by the binomial theorem we have z + hs 2 
+ x +1.4* + ELIE nt In Ce. 


2.3 


Therefore 
x +1 x +1 
| . . . 
. +1 2 2.3 


_—_— _ 


——— — — * 
= » 

— RX * 
— 


Hence, expounding z by a, a + d, a + 24, &c. ſucceſſively, 


& * — £2 5 7 8 - — ow: _ _ 
r r —— — — r a 9 — 
— 8 2 K * 4 — 
fp — —& EIS "SAGE es — 


we have 
8 — fs 2 2 Gs —p— . 5 — 
I 7. 5 x +1 2 
Y Xe ten Dies. NOD Oe 
* 2.3 y 
x 23 „ x "1 38" 
a + 4 — { d.x+1 14. 4 + — 
1 ꝗ 157 1 89 8 
. A Sc. 
* ＋ 1 + 
7 a + 34 — 7 + 24 x LU 
ws 7: ox we 
2 — d. Ja Ce. 
Se. Se. Ge. 


3 we get, by addition 


Tai 1 * x _ 1. * 
— Er 245. 127 2 &c. 


1 being wrote for 4 ＋ 2 x + 7 F220 + aÞF3d\ (n), 


ber e GFA + aFad + OF 3A (a), 
| &c. 


From 


Car. III. AN ALV SIS. 


From whence it follows, that 


= 7 HP; III A 3 
G 


Now theſe values of 8 2 8* 3 E aa? 0 &c. being ſub- 


ſtituted ſucceſſively, for their reſpective equals, in the value of 
of we find 


S = + FA" FN z 0 = 
— I al 1 1 25 


d.x+1 3 1 A! =_ 
l, Lee aa 
2.34 — 2 2.3. 4.5.6 8 5 
5 : 1 6: Sc 
A being = — = 7 
” 3 , 
A = 2 57 oiA=-—-L 
2 30? 
{ — 5 4 6. 5 44 
2. 7 2 2. I: 546 = 
A 4 8.7.64 — 2.5.84 K 1 
2 2 2.3-4 3:4 2.3.4+5- 6 30 
f A — 9 — 224 10.9. 2384 — 10.98.26 * 10.9. b. 5. 6. 5. 4 J 
BERL ER + 2.3-4+5-0 TITTY 
[=, 
Ge. Se. Sc. 


SCHOLIUM. When x is = — x, the numerator and denomi- 


nator of the fraction ___—= r . 3 
| d.x +1 d.xÞ1 x+1 „ 


G both 


* - 


41 


42 THE RESIDUAL 
both vaniſh.—In that caſe - —xL:< 4 is the value of that 
fraction, as appears by what is already taught, 


T 3. 
Writing 21 inſtead of u, we have, by the preceding article, 


= 00" fe TFaA an) = =. 63-08 


d.x+1 EF o 
1) a+ 2nd rA TCA 15.0ke 2 Pz 922 
. 3 ＋ 22 — + > S« 4. I 


Sc. and, writing 2d inſtead of d, we have, by the ſame article, 


274 28 
LN TTA % = —=— 2 | 


2d. x +1 


— 7 


= 8 + * * ee — 
2 Str EY 121 


1 Y-$ oY 


— 2 


— a 2 
Se. | 
It appears, therefore, by ſubtraction, that 


F + TB + aF 5d (n) is = ==) 
25 a Þ+ 2nd e ee __ IO 


— — ems 


Tos 2. 3-4 


I. x. xn] „2. — on . 
2.3-4:5+-06 


SCHOL. When is =— 1, the value of 


24. 2 


Ws = 


I a + 2nd 
2 L by what is done above. 


Char. III. ANALYSIS. 


14. 
Taking the laſt equation from that which immediately pre- 


cedes it, we have 


„TF LT ZA - FS (2) = 


1 and 2 — 1. x Ad a+2nd 7. . 1. 2. Ad. 
aÞ2nd\ 3 21. „ I. - 2. 3. 4. Ad T "* ,, 
„ 118 2.3.4 . 8 1 * 


2 being any poſitive integer. 


I 5. 
By reſidual diviſion, (x — x being the diviſor, and the values 
of à and d independent of x,) we get, from Art. 12. 


axL:a+a+Fd'xL:a+d+a+24'xL:a+24 + 


a +3d' xL:a+3d(n) 
[ 3 FAL. TA 35 x L:a+nd 
d.x TII—- TL: 4 ( — XL. 2 
x—1 
| ho 2 1g x L a + nd Se 
| — xL:a 
— 
EE aÞnd Tt Ay a + nd\ X=——I,xX—2 
= „Ü oranrt i 
* — F ð1 q q 1 
Ad- —_ ”# 
- c 
. 2. 3+4 n 
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Corolr.ary I. Suppoſing x = o, we find 
L:2a+L:a+d+L:a+2d+L:a+34(s) 
Ui ED 52 ®S 2% — no 
Z T- xL- F 71 &L: 4, . 


CorolLLary II. Taking, in the preceding Corollary, a, d, 
and u each equal to 1, we have 


— — 47 u 
2*—1.A 2*—1I.A 
2 XL. 2=1 +553 _ FE 45.7 25.5.0 Sc. 


16. 


As the principal theorem in the laſt article was deduced from 


Art. 12. ſo from Art. 13. we deduce the following theorem, viz. 


a+d\xL: a+d + a+ Z“ XL: a+3d+ at gd\ xL:a+5d(n) 
0 r pan 4 _ | 


fs n 25 
1 x L:a+2nd , 
<A: c. 
| — 2 „L: 2 
_ — + ET. x-I.x-2 
4 — — 7 9 era 
Fa — (7 8 XR. x1 
| 2—1. Ad. 2 + 7” 
i 2.3.4 „ . 


CoROLLARY IJ. Hence, ſuppoſing x = o, we find 


L:a+d4+L;a+3d+L;e+5d+L: +74 ( 


— 
— 
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| 4+ nxL:aÞand — —xL:a 


e Eble an? 
TY 


| i 2 
2 5 6 —5 Co 
U _ 4} 


CoRoLLARY II. Taking, in the preceding Corollary, @ = 2, 
4 — 1, and writing 7 — 1 inſtead of , we have 


L:1i+L:3+L:5+L:7()=L:1x3x5Xx7(n) 


A 2—1 . 4 71. 4 
"eo | 1 + 2.1.2 T 2%, 3.4 T 25.5.0 Sc. 
= 17-8 ma 
A 2—1 . A 2—1. 4 £3 
C 21.3.4. u 7 25.5.6. 15 1 
—=nxL:n — x L:2 — —1. 4 
= nXL:n + n+; 22, —N 27.25 — —— 
7 —1. K 3 : 8 A 11. A 
25. 5. 6 5 Sc. 2 Xx L. 2 being 3 ” 2.1. 2 * 25.3.4 + 
2.— 


ET Fc. by Cor. 2. of the laſt Article. 

Other theorems may, in like manner, be derived from Art. 14. 
which we may take notice of in an Appendix to this Treatiſe; 
and perhaps add ſome farther improvements on the ſubje& of 
the laſt five articles, which ſome time ago engaged the attention 


of Mr. De Moivse, Mr. STIRLING, and other eminent mathe- 
maticians. | 
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CHAP. IV. 


Of the Properties of certain ALGEBRAIC EXPRESSIONS. 


| * A. fie HE articles in this chapter will be found of con- 


* fiderable-uſe, in geometrical and phyſical enquiries ; 
— T and, to the end that we may proceed with as much 
. oo perſpicuity as poſſible, it is thought proper to inſert 
them here, previous to ſuch enquiries, 


I. 
Suppoſe E to be an algebraic expreſſion compeſed of x and other 


quantzti es; and ſuppoſe, that , how near ſoever x be taken to ſome 


certain quantity g, E is pofitive when x is leſs than g, and negative 
when x is greater than g; or poſitive when x is greater than g, 


and negative when x is leſs than g: then ſhall E, or its reciprocal, 
be = © when x 15 = p. 


For it is well known, that o is the only limit between poſi- 
tive and negative ; and it is therefore plain, that either the value 
of E muſt continually approach to that limit, or increaſe or 
decreaſe without limit, upon taking x nearer and nearer to g. 
If the value of E approaches to © when x is taken nearer and 

nearer 
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nearer to g, it is evident that E will be = a when x is = g: 
If the value of E increaſes or decreaſes without limit when x 1s 


taken nearer and nearer to g, the value of E will then con- 


tinually approach to o; therefore, F being poſitive or negative 


according as E is poſitive or negative, it is evident that, in ſuch 


caſe, , will be = o when x is = g. Conſequently either E 


or its reciprocal muſt be S o when x is = g. 


2. 
Q being an algebraic expreſſion ſo compoſed of x and other quan- 


tities, that neither it nor its reciprocal vaniſhes when x is therein 
taken equal to g; the ſaid expreſſion, when x 1s greater or leſs than 
g, between certain limits, will (ſuppoſing it not to become tmaginary ) 
be poſitive or negative, according as (q) the value of Q, when x 15 
equal to g, is poſitive or negati ve. 


For, let A and B be poſitive quantities ; and ſuppoſe that either 
Q or T is =o when x is g A, and likewiſe that Q or 
5 is = © when x is = g — B, but that neither Q nor + is = 0 
when x 1s taken between the limits g + A and g - B: then, it 
is obvious, that, whilſt x is taken between thoſe limits, Q (if 
it does not become imaginary) will be always poſitive, or always 
negative; and, conſequently, poſitive or negative according as 9 
is poſitive or negative. | 


The ſame concluſion follows, if, inſtead of Q or G being 


== © when x is =g +A, or when x is = g - g, thoſe ex- 
preſſions then become imaginary, but are real and finite when x 
is taken between the limits above-mentioned, 


3. 

Let mn be an odd number, or a fraction whoſe numerator and 
denominator are both odd numbers; and P any algebraic ex- 
preſſion ſo compoſed of x and other quantities, that its value 
ſhall be real when x is either greater or leſs than g, (between 

certain 


47 


2 a 
—_ -- — ä — a> 2 
. * 


- = cn Et. 


obſerved, that 


THE RESIDUAL 
certain limits,) and that neither it nor its reciprocal ſhall vaniſh 
when x is equal to g; alſo let p be the value of P when x 
is = g. | 

Then, ſeeing that x g is poſitive or negative, according 
as x is greater or leſs than g; it is evident, (from what is faid in 
the laſt Article) that, how near ſoever x be taken to g, if p be 


poſitive, x — 2 x P will be negative when x is leſs than g, and 
poſitive when x is greater than g; or, if þ be negative, the ſame 


expreſſion (x—g] x P) will be negative when x is greater than 
g. and poſitive when x is leſs than g. 


CoROLLARY. Suppoſe E to be an algebraic expreſſion com- 
poſed of x and other quantities : Then, if E be poſitive when 
x is greater than g, and negative when x is leſs than g, how near 
ſoever x be taken to g; it is manifeſt, from what we juſt now 


g x Q may be aſſumed = E; 


m being as above ſpecified, and Q ſome algebraic expreſſion 
conſiſting of ſuch quantities, that its value ſhall be real when x 
is either greater or leſs than g, (between certain limits,) and that 
() its value when x is equal to g ſhall be finite and poſitive. 

Moreover, if E be poſitive when x is leſs than g, and ne- 
gative when x is greater than g, how near ſoever x be taken to 
2; it is likewiſe manifeſt, that, in this caſe alſo, 


“ x Q may be aſſumed = E; 
m and Q being as before ſpecified, except that q, inſtead of 


being poſitive, muſt be negative. 
Hence it is evident, that, when x is = g, (whether q be 


poſitive or negative,) E or + will be = o, according as m is 
poſitive or negative; which agrees with what is ſaid in Art. 1. 
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C:H:AP, . 
Of the TANGENTS of curve Lincs. 


I. 


rc i curve AgPg, having its convexity downwards, as Fig. 1 
in Fig. 1. being referred to the baſe AB ; if the right 
Fa line NyPr touch the ſaid curve in P; and, br being 

. parallel to BP, if AB be called x; BP, y; Ab, x; 


bg, y; and the ſubtangent BN, 5: then will b be =5s— x + x, 


br = y — = * x—x, and the reſidual ba — br (= gr) = 


- * * U — == y. Now, beg being drawn on either ſide | 


of BP, I. by is manifeſtly greater than by ; therefore = = XX — K 
we OY i (the value of by — by) muſt be always _ofitive when, 


x being of any given value, x is either leſs or greater than x. 
/ 


But if the convexity of the curve be upwards, as in Fig. 2. Fig. 2. 
- * * — * — 7 + (the value of by — by) muſt be always 


H negative, 
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negative, when, x being of any given value, x is either leſs or 
Fg 


greater than x. 
Now, ſince the expreſſion L x x — x — y— y muſt be al- 


ways poſitive or always negative, when, x being of any given 
value, x is either leſs or greater than x, the quotient of that ex- 


preſſion divided by x — x (viz. =— [x | y]) will, it is obvious, be 
poſitive when is leſs than x, and negative when x is greater 
than x ; or poſitive when x is greater than x, and negative when x 
is leſs than x, how near ſoever x be taken to x. Therefore, by 


Chap. 4. Art. 1. 
* 7 — — 5 * 
28 . * be = O *; 


and, conſequent! 5 = ——, 
Sth [x —9] 


ExAMPLE I. To draw à tangent to any Parabola, whoſe equa- 


tion is ax y; m being ſuch, that the convexity of the curve 

is downwards. | 
We have (according to our ſcheme) bg — br (= gr) = 
— m m | 


— X x — x — ax7 + axr; where s muſt be of ſuch a value, 
- 1 


that the value of the whole expreſſion ſhall be poſitive, when, 
x being of any given value, x is either greater or leſs than x. 


2 | Mm mM 
Now if L x x — x — ax”? þ ax” be always poſitive when x 
$ F / 7 


r —— —— 
4 - - 


is either greater or leſs than x, — „or its 


A 


*The other equation (viz, — — o) which, if poſſible, wou'd 
2 — L225 


follow from the ſame article, is, in this caſe, manifeſtly impoſſible. 


Equal 
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= 23 14 2 12 (m) ES 
ES ; — (found by our divi- 


har = — 
f (r) 


ſion taught Chap. 2. Art. I.) it is plain will be poſitive when 
x is leſs than x, and negative when x is greater than x. There- 


fore, by Chap. 4. Art. 1. the value of this laſt expreſſion will be 
So when x is therein taken equal to x: Which value 1s 


7 ”: 


"Me" ”m 
manifeſtly = = — = axr © 
4 F. 
2 2 
Conſequently from the equation — =. ax" == 0, the 
3 


ſubtangent s is found = x. 
2 


In this example we have given the proceſs at full length, 
that the Reader may the more clearly underſtand our doctrine. — 
In future, our examples will, for the moſt part, be more concile: 
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ExAMPLE II. To draw à tangent to the Circle AgPg, whoſe Fig. 3. 


- Ds iS 20x —x =y ; the radius AC being =a, AB=x, 
125. 


From the equation of the curve, we have, by reſidual diviſion, 


4 — Xx Xx NN]; from whence we get [x y] —= * 
Therefore ——, the value of s or NB, is = be hn RTE. 
[x <5] OLED e 


If BC be called x, and BP as before, the equation of the 


curve will be 4 -* S ; and the ſubtangent NB will be 
Q* — K* 


* 


ExaMPTE III. To draw @ tangent to the Ellipſis APD, whoſe 
equation is b X 24x —x —a'y* ; the ſemi-tranſuerſe axis AC 
being = a, the ſemi-conjugate CD = b, AB = x, BP = y. 


H 2 From 


Fig. 
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From the equation of the curve, we get, by reſidual diviſion, 


2 „ ! 4 . La b* 4 — x 
ab — b x ah Y: hence [(x L y] is found MX 
Therefore — 7 the value of the ſubtangent NB, is = 
X < 9 
a 2 2a* — x* 
PXa—x „ „ 


If BC be called x, and BP as before; the equation of the 


curve will be 5 x a —x* = a'y*; and NB will be =<=£© 


A 


If, Pd being parallel to AC, Cd be called x ; and d, y : the 
equation of the curve will be * —x* = b'y* ; and the 


82— K* 


ſubtangent dn = 


Fig. 5. ExAaMPLE IV. Let it be propoſed to draw a tangent to the 


Hyperbola AP, whoſe equation is b X 2ax +x* = @'y* ile ſemi- 
tranverſe axis AC being = a, the ſemi-conjugate CD = þ 
AB = X, BP = Yo 


3 


From the equation of the curve we have ab*+b*x = a'y[x_y] : 


hence we find [x L y] = F * — . Therefore f 2 7 the 
| X—y 
a*y* 20 ＋ K 


b* x a+ x TT 
If BC be called x, and BP as before ; the equation of the 
curve will be & x * -= = a'y*; and NB will be = — C 
If, Pd being parallel to AC, Cd be called x; and dP, y; 
the equation of the curve will be a* x b* + x* = b'y ; and 
* + * 


* 


value of the ſubtangent NB, is = 


the ſubtangent . = 


Fig. 6. Suppoſe CE, Ce to be the aſymptotes of the two branches 
AP, AQ, of the Hyperbola PAQ : then, BP being parallel to 
Ce, it CB, BP be called x and y reſpectively ; the equation of 


the curve will be xy =p", þ being put for WD . Therefore, 
| * 
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yy being S o, [xy] is = — and 7 77 (= NB) 
= — x; which being negative, indicates, that N is on the 


contrary fide of BP, from C. 


ExAMrLE V. To draw a tangent to the Cifſid AP, whoſe 
equation is ay — xy & 


From the ſaid equation we have 2ay [x - y] — y —2xyſx_y] 
= 3x* ; and from hence we get [x 2 = 3 T2. Which 


Fig. 7. 


za — 2Æ 
laſt expreſſion being ſubſtituted for [x y] in the equation 
y 2ay* — 2:xy* 
5 = ——, we find 5s = T=. 
[x 25 3x* +y 


ExamPLE VI. To draw a tangent to the exponential curve, 
whoſe equation 15 a A. | 
By reſidual diviſion (ſee Chap. 3. Art. 9.) we get & x L: a 


== [xy] : Therefore s (= 4 is = ——_ an invariable 
X29 


quantity. 


ExAamMPLE VII. To draw a tangent to the exponential curve, 
whoſe equation is x = y. h 

From the ſaid equation we find, by reſidual diviſion, x* x L: * 

* . I 

+ x =[x £.y]: Conſequently s (= — is = ; 

- (x 9] quently s ( ——) 247 

After the ſame manner may we draw tangents to any other 

geometrical, or exponential curve, referred to an axis: but to 

perform the like by our Analyſis, when the curve is a tranſcen- 


dental one, or a ſpiral, it will be neceſſary to underſtand what 
will be explained in the ſubſequent part of this chapter. 


* 


2. 


A line has its concavity turned one way, when the right lines 
that join any two of its points either fall upon the line itſelf, or 
on one ſide of it, none falling on the oppoſite ſide. Here we 


comprehend, not only curves, but likewiſe ſuch lines as have 
rectilineal parts, 3. When 
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When two lines, having their concavity turned one and the 


ſame way, have the ſame terms, and one wholly includes the 
other, the perimeter of that which includes is greater than the 


- perimeter of that which is included *. 


Fig. 8. 


Fig. . 


Fig. 8. 


4. 

When a curve hyP is convex towards the baſe, and the angle 
BPN, made by the ordinate BP and tangent PN, is acute; the 
ordinate by being drawn, interſecting NP in r, Pr will be greater 
or leſs than the curve Pg, according as Ab is leſs or greater than 
AB. For, drawing a tangent to the point 9, (between h and 
P,) interſecting Pr in v; Pyg, by the preceding Article, will be 
greater than the curve Pg. But v, which ſubtends an obtuſe 


angle in the triangle rv, is greater than qv, which ſubtends 


an acute angle in the ſame triangle: therefore Por (i. e. Pr) 
will be greater than Pvg; and conſequently Pr ſtill greater than 
the curve Pq. Moreover, g being on the other fide of P; Pr, 
which ſubtends an acute angle in the triangle Pyr, is leſs than 
the chord Pg, which ſubtends an obtuſe angle in the ſame tri- 
angle: therefore, the chord being leſs than the arc it ſubtends, 
Pr will be ſtill leſs than the curve Pg. | 

When the curve hy is concave towards the baſe, and the 
angle BPN is acute; the ordinate bg being drawn, interſecting 
(as before) the tangent NP in , it is evident, from what is ſaid 
above, that Pr will be leſs or greater than the curve Pg, accord- 
ing as Ab is leſs or greater than AB. 


5 
Let AB be called x; BP, y; Ab, x; bg, (parallel to BP,) y; 


the ſubtangent BN, 5s; the tangent PN, 7; and the parts hP, hy 
of the curve, z and 2 reſpectively: then will Pr be = - XxX -K 


/ 


k . 
or xx x, and the arcPq=z— 2; or , according as x 
/ , / / 


lc 


__——. oa. ed. 


* The laſt two articles are from ARCHIMEDEs de ſphera et cylindro, 
| 18 
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is leſs or greater than x. Therefore, by the laſt Article, if the 


2 * . k 
convexity of the curve be downwards, as in Fig. 8. — x x — x 
/ 


will be greater than z— 2, when x is leſs than x; and - X X — x 
will be leſs than z — 2, when x is greater than x. Hence it 


evidently follows, that, the curve being convex towards the baſe, 


- X x — x will be always greater than z — z, when x is taken 
/ / / 


either greater or leſs than x : conſequently the expreſſion 


- X x — x — 3 — 2 will be always poſitive when x is ſo taken. 
7 / / 


Moreover, if the convexity of the curve be upwards, as in 


Fig. 9. - x x — x being leſs than z — 2 when x is leſs than x, 


t . 
and — x x & greater than z — 2 when x is greater than æ, 


- X x —x will be always leſs than 2 — 2 when x is taken 
/ 7 7 


either greater or leſs than x : conſequently, in this caſe, the 


'4 EIT eee eee 
expreſſion — x x — x — 2 — will be always negative when x 
/ 


/ * 


is ſo taken. 


Now, ſince the expreſſion — X 4 Norm Yr S muſt be always 
poſitive or always negative, when, x being of any given value, 1s 
either leſs or greater than x ; the quotient of that expreſſion 
divided by * — x (viz. —_ [x | 2]) will, it is evident, be poſi- 
tive when x is leſs than x, and negative when & is greater than x 


or poſitive when x is greater than x, and negative when x 1s leſs 
/ / 


than x, how near ſoever x be taken to x. Therefore, by 


Chap. 4. Art. 1. : r 


— — 
$ 
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- [x + 2] will be o: 


4 


and, conſequently, [x L 2] = - = vV1+[x =} $ 


2 and f = — * 


7 5 7 by what is ſaid in 


s being = 
Article 1. 
The ſame concluſion, it is obvious, will likewiſe hold true, 


when the ordinates decreaſe from h towards P. 


CoroLLARy I. Hence it is manifeſt, that the ſubtangent, 
tangent, and ordinate, are to each other as 1, [x J, and 


[v2 y] reſpectively. 


CoRoLLARY II. Suppoſe hꝰ to be an arc of a circle: then, 
if x be the verſed fine, y the fine, and 4 the radius thereof; it 
is well known, the ſubtangent will be to the tangent, as y to a; 
and therefore, by the preceding corollary, y : 4: : I: [x2]. 


a 


Conſequently [x < 2] is then = = = — = « 
Jy hr — 2 


Moreover, [x L 2] being = WER 5 (by Chap. 2. Art. 8.), 
— * 


E is = => and [Y L 23] = =, But, y being = 


[7 +4] 
ax — x, we, by reſidual diviſion, ES I = 


— L x]; 


2dx — 


and, from hence, [Y L x] = — = e 


42 — * 9 — 7 . 
fore [y 2] is = = 
u = 
Let u be the coſine of 2; then will 4 — 5 be = and, 
conſequently, [uy < y] = =. Now [y 2] being = 7 2 
The other equation (viz, = — o) which, if poſſible, would 


＋ — [<2] 


follow from the ſame article, is, in this caſe, impoſſible. 


this 


Cu Ap. V. NA LIS KEYS 57 


this laſt l will be = 


a 7 | 
and, therefore, [4-2] 


a — y* 1 * Va — uf 
CoRoOLLARY III. #7 being = 5* * b 1 divi- 
8 . y 


ſion, have 7[ſx 7] =s5[x— 5s] + y[x 11 lebe - — [X27] 
= LITT x [x]. 


Now AN bales called 7, s will be =x — 7; and conſe- pig. 8. 
quently . =1—|[x+.r]: moreover, by what is faid 


above, — is ={x - 5], and - = [xy]. Therefore [x 2] x 
r I is = i [rar] + [ro r! 
(1 + [x 2 being = [x = 2]'); from whence it appears, 
that [x T] is = [x +. 2] — ue 


By means of the concluſions deduced in the preceding article, 
we are now enabled to apply the theorem we inveſtigated | in 
Art. 1. to tranſcendental curves referred to an axis. 


ExaAMPLE I. To draw a tangent to the Cyclid AP; whoſe Fig. 10. 
nature is ſuch, that, the ſemicircle ApD being deſcribed, and the 
ordinate BpP being drawn perpendicular to the diameter AD, BP 15 


— Bp + (Arc) Ap. 


Let AD be called 22; AB, x; BP, y; By, ; and the arc 
Ap, w. Then, y being = v + wW, [x +5] will be = [XA] + 


[x<-w]=[x.4]+-< —- But, by the nature of the circle, 


K's (7 — XX 
u is = 24X — &; "SID whence [x = z] is found = i 


_ Therefore, by ſubſtitution, it appears that [x 9 is = 8 


Conſequently , the value of the ſubtangent NB, is — 


* 5 


8 8 


Fig. 11. 
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It is obſervable, that 2 (= NB) is toy (= BP), as x (= AB) 


to u (= Pp): Therefore the tangent NP is parallel to the 
chord Ap. 


"EXAMPLE II. To draw a tangent to the Quadratrix APD. 


DE being one fourth of the periphery of a circle deſcribed 
about the center C, draw the radius CPG, which ſuppoſe equal 
to a: call AC, b; AB, x; BP, y; EF, v; FG, (parallel to 
BP,) u; and the are EG, w. Then, by the nature of the qua- 


dratrix, y will be = = from whence we have [x — y] = 


T8 obo v] 
u [x v 


[x £< ww] . 


————ͤ——— eres —ñ—ùà4—ä.o 


> * [x L 2 x[v4w]x[x.v]= 


ing = [v <. w] by Chap. 2. Art. 8. and [v « w] = — by the 


laſt article. Moreover, by the nature of the circle, 4 is = 2av 


— v: from whence, by reſidual diviſion, we get # * ] 


S4 - xͥͤ XL]; and hence Al. It follows 
6228 u 


— ISS a; and conſe- 


therefore, that [x ] is = 


u 4 — V 


quently that [x v] is = « [x _ 2] and [x4] = _ [xy]. 
Again, by ſimilar triangles, 6 —x : :: 4a—v : u]; therefore 
ay — vy is = bu —ux. Hence, by reſidual diviſion, we have 
aſx y] - vl CL -L = L - xX LA] -; 


and conſequently, by ſubſtitution, @ — v _— * {x ..y] = 


„ xc =] — 2. From whence it appears, that 


b 
Zx[x< 9] is = xx] —@; therefore [x Y] is 
= = Conſequently , the value of the ſub- 
uy — 4X Xx 4 — v . [x < y] 
3 xy Xa — v __ j* + x* — bs 
tangent BN, is = + — — * 7 — 


7. AgPg 
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AgPgq being a curve of the ſpiral kind, whoſe ordinates Cg, Fig. 12. 


CP, C4, all iſſue from the point C; let the circular arc defe be 
deſcribed, whoſe radius is 1 ; and draw any right line Ca, inter- 
ſecting the ſaid arc in d. Then, ſuppoſing the right line N/Pr 
to touch the curve in P; and ſuppoling Cor to interſect the ſaid 
tangent in 7, and the circular are in e: if CP be called y; Cg, 
7 3 the fine of the angle /, (to the radius 1, 4; the fine 4, dCe, 


1; and the fine and coſine of CPN, s and c reſpectively : the 
ſine of eCf will be denoted by i — - N - i or 


, 


than /; and the fine of CN, (or Cyp,) by c] i — — 
ca 1 —u — Suu + WI -A XVI, which laſt ſine, 


for brevity ſake, we will call &: Moreover Cr will be = =, and 
gy — ty 


UV1—u —uV1i—Uu, according as de is leſs or greater 
7 . 


the reſidual Cr — Cq (= gr) = 1 — = Now, Cgr 


being drawn on either ſide of cr. Cr is manifeſtly greater than 
y — 9 
Cg: therefore 


(the value of Cr — Cg) muſt be always 
poſitive, when, Jane of any given value, à is either leſs or 


greater than . 


If the convexity of the curve be towards C, as in Fig. 13. 
9 == Tp 


(the value of Cr — Cg) will be always negative, when, 2 


wikis of any given value, 1 is either leſs or greater than 2. 
\ Sans, BY 


Since the expreſſion - muſt be always poſitive or always ne- 


7 
gative, when, z being of any given value, 7 is either leſs or 


greater than z ; the quotient of that expreſſion divided by uz — i 
9 — ty 


(viz. 


will, it is obvious, be poſitive when is lets than 
I 2 | 17, 
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1, and negative when 0 is greater than ; or poſitive when 2 18 


greater than v, and negative when 7 is leſs than à, how near ſo- 
ever 1 be taken to 7. There by Chap. 4. Art. 1. the 


value of that quotient, when z is equal to 2, (i. e. when y is S,) 


or the reciprocal of that value, will be = o. But, by the 
method taught in Chap. 2. Corollary to Art. 6. the value of 
Sy — #y FO 


, When u is = 4, is found equal tos [yu +. y] — —— 
1 — 1 / * 


. 


6 1 
Therefore s [4 -. 3] — 7 is oO: Hence — . 


If the arc df be called w, 1 
1— 42 


It therefore appears, by ſubſtitution, that 


1 — 5 2 - = Tang. of the angle CPN. 
Ut y 

Suppoſe CN, perpendicular to the ray CP, to interſect the 
tangent PN in N: then, radius being to CP, as the tangent 


of CPN to CN, CN will be = . 3 7 
4 — 9 


will be = [uw], bs Art. 5. 


yſu < w] 


[# + 3] 


Seeing cis V, it is evident that = = 
[I < w] 
Nu] TI, 
8. 
When the curve AgP is concave towards C, and the angle 


CPN, made by the ray CP and tangent PN, is acute ; the ray 
Cgr being drawn, interſecting the ſaid tangent in , Pr will be 


from whence we have s = 


1 


*The other equation (viz. 8 = ©) which, if poſlible, 


[uy] — —= 
v1 — 2 
would follow from what is ſaid above, is manifeſtly impoſlible, 


leſs 
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leſs or greater than the curve Pg, according as de is lets or 
greater than df And when the curve AgP is convex towards C, 
and the angle CPN is acute, as in Fig 13. Pr will be greater 
or leſs than the curve Pg, according as de is leſs or greater than 
. This may be eaſily proved, by reaſoning as in Art. 4. 

Now, retaining the notation in the laſt Art. P/ will be equal to 


OS OO RP 
— — — 


f „K 1 of EINER I= or — e — © 1-8, 


according as de is leſs or greater than . Therefore, calling the 
parts AP, Ag, of the curve Ay, 2 and 2 reſpectively ; it follows 


— — 


that the expreſſion 3 — 3 — J. x ul xt lin mult 
, 4 / 


be always poſitive or always negative, when, 4 being of any value 
whatever, u is either greater or leſs than z. It is obvious then, 
/ 


that the quotient of the ſaid expreſſion, divided by “ — v 


2 — 2 „VII-, —uv 1—u | 
(viz. — 2 X ) will be poſitive when 2 
1 — 1 4 it — 20 / 


is leſs than , and negative when # is greater than 4; or poſitive 


when z is greater than , and negative when z is leſs than , 


/ 


how near ſoever u be taken to 1. Therefore, by Chap. 4. 
Art. 1. the value of that quotient, when z is equal to z, (1. e. when 
y is = y, and * = Z,) or the reciprocal of that value, will be 
= ©. But, by the method taught in Chap. 2. Cor. to Art, 6. 


eV iow oY I ew 


- 


the value of 
4 — 7{ 
/ 


, When is = z, is found equal 
/ 


to = + V1 — 4 and & is then equal to s. 
of i = yu? 91225 | 


Therefore [42] == is o: Hence [u + 3] = =. 
SV 1—u* DSP 
*The other equation (viz, — = o) which, if poſlible, 


1 2] — 


11 


would follow from what is ſaid above, is impoſſible. Seeing 
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1. Y]; and conſequently, by ſubſtitution, CN (= 2 
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, 1 . , 
Seeing that == 1s = [4 L w], by Art. 5. it appears, by 


ſubſtitution, that U 2] is . Vas y] + [uw] 3 


s being = Z Thaw / FR -, by the preceding Article. 
Vir] + [uw] 
From what is ſaid it is evident, that s is = 87 and 
4 — 2 
conſequently c (= VI — 5s) is = Rd, 


Moreover, ſuppoſing CQ to be perpendicular to the tangent 
PQ ; radius will be to y, as 2 (=5) to O; therefore 


ſu L 2] 
CQ will be = 75 — = : and radius will be to y, as 72 (Sc 
n uz 
to PQ; therefore PQ will be = 12 i 


CoROLLARY. Hence it appears, that the perpendicular CQ, 
the tangent PQ, and the ray CP, are to each other as y [4 + wv], 
[uy], and [4.2] reſpectively. 


9. 
By means of the theorems inveſtigated above, we are now 
enabled to draw tangents to any ſpiral whoſe equation 1s given. 


ExaMPLE I. To draw @ tangent to the ſpiral of ARCHIMEDEs ; 
whoſe nature is ſuch, that, any circle AF being deſcribed about the 
center C, and any ray Cf FP being drawn, the arc AF is to FP 
in a conſtant ratio. 


Let CA be n, Cd I, the arc df =4p, CP = y; and let 
the given ratio of AF to FP be as n ton: Then mw will be 
— AF, and nw =y — m. From whence we have 7 [z - w] = 


*[4 — w] b 
l 25. / 


Art. 7.) is found = L. 
EXAMPLE 
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ExAMPLE II. To draw a tangent to the ſpiral CdP; whoſe Fig. 15. 
nature is ſuch, that the arc CdP is to the ray CP in an inva- 
riable ratio. 


Let CdP be =2, CP = y; and let the invariable ratio of 8 
to y be that of à to . Then bz will be = ay. From whence 


we get —[u + y] = L= 2], which, by the laſt Article, is 


—=vVſu-ty] +y [uw]. Hence it appears, that [u L Y is. 


ay 3 yuv]; and therefore = — 


V — 55 
the angle CPN, is = LESS ; 


It is obſervable, that the angle made by the tangent PN with 
the ray CP is invariable ; which is a known property of the I ga- 
rithmic ſpiral. | 


I ©, 


Suppoſe the moveable curve aB to revolve along the immoveable Fig. 16. 

curve AB, fo that the arcs aB, AB be always equal; and ſuppoſe, 
that, during the motion, the point P, having a certain poſition with 
reſpect to the curve aB, deſcribes the curve OPQ, the curves and 
the deſcribing point Reeping always in the ſame plane : then, if 
from B, the point where the two curves, aB, AB, touch each other 
when the deſcribing point is in P, BP be drawn; PR, perpendicular 
thereto, ſhall touch the curve OPQ in P. 


For, about the center B, with the radius BP, deſcribe the Fig. 17. 
circular arc EPF: and, having drawn BFQ, ſuppoſe that, when 
the deſcribing point is in Q, the moveable curve is poſited in 
abD ; b being that point thereof which was at B when the 
deſcribing point was at P, and D being now the point of contact 
of the two curves abD, ABD: join bB, bQ ; and let ef touch 
the curve abD in b, and meet the curve ABD in f.—Then, 
becauſe the arcs BD, bD are equal; and bf + e arc Df is 
greater than the arc bD, b/ ſhall be greater than the arc By, 
and conſequently ſtill greater than the chord Bf : Wherefore 
the angle bBf (made by bB and the chord BY) will be greater 
than B/, and. Bbe greater than bBg, made by bB and the 

conti- 


the tangent of 


. 
5 
* 
4. 
* 
# 
71 
* & 
2 4 
© 
a” 
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continuation of the chord fB. It is evident thereſore, that the 
ang'e BbQ, which is = Bbe + ebQ, will be greater than QEb, 
which is = bg — QBz; and conſequently BQ wi'l be greater 


than bo. Bu t bQ is mani! feſtly equal to BP, being the ſame line 
transferred with the: moveable curve. Therefore ÞQ is greater 
than BP, i. e. than BF. Hence it appears, that the point Q is 
Without the circular arc EPF. | 

Sus pole now at, when the deſcribing point is on the other 
ſide of P in O, the moveable curve is poſited | in gab; b being 
tha: p oint thereof which 'coincides with B when the dc ſ-ribins y 
point is in P, and d being now the point of contact of the tu 0 
curves adb, AdB: and join BO, Bb, bO, bd — Then, the are 
3d, which is equal to the arc bd, will be greater than the chord 
bd. But, Be being drawn, touching the curve AdB in B, and 
interſecting the chord bd in e, Be + ed will be greater than 
the arc Þd; and therefore Be will be greater than de: W here- 
fore the angle be will be greater than bBe. It is plain then, 
that the angle BbO, which is = Bbe + ebO, will be greater than 
bBO, which is = bBe — eBO; and conſequently BO will be 
greater than bO. But bO is evidently equal to BP, being the 
lame line in a different poſition. Therefore BO is greater than 
BP, 1. e. than BE. Hence it appears, that the point O is without 
the circular arc EPF: Therefore, the fame being proved of the 
point Q, it follows, that the faid circular arc touches the curve 
OPQ in P. Conſequently PR, which is a tangent to that circular 
arc, will alſo touch the curve OPQ in P. 

Whatever poſition the deſcribing point P may have with reſpect 
to the moveable curve, and whether that curve revolves along the 
convexity or concavity of the immoveable one, the tangents to 
the curve deſcribed by P will always be determined by the rule 
here given; and in no caſe will the demonſtration differ greatly 
from the above. — The deſcribing point may indeed be ſo poſited 
with reſpect to the moveable curve, that the circular arc EPF 


ſhall ſometimes fall without the curve OPQ, which occaſions 


ſome little difference in the demonſtration ; but there will not 
then be any particular difficulty in it: Any farther explanation is 
therefore unnecellary, 

This article (which was ſuggeſted by one in HUYGEN's Horolog. 
Oſcillator.) will be found of great uſe in many enquiries Concerning 
cycloidal curves. | Scho— 
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ScuoLiuM. If the point P, inſtead of keeping a certain po- Fig. 19. 


ſition with reſpect to the curve aB, be ſuppoſed to move in ſuch 
a manner along the baſe MN of that curye, whilſt the curve 
itſelf revolves as before-mentioned, that any ordinate being drawn 
from the point of contact B perpendicular to the ſaid baſe, P 
ſhall always be at the end of the correſpor.dent abſciſſa ; then, 
by what is proved above, will that abſciſſa (or the baſe) be a 


tangent to the curve OPQ deſcribed by the point P during ſuch 
motion. 


IT. 


With reſpect to curves referred to an axis, it is obvious, that 
when the convexity of the curve is downwards, as in Fig. 1. the 
value of the quotient of the ordinate divided by the ſubtangent 
increaſes as the abſciſla (x) 1s taken greater and greater : and when 
the convexity is upwards, as in Fig. 2. the value of the faid 
quotient decreaſes as x 1s taken greater and greater. Now, by 
what is ſaid above, that quotient (reſuming the notation in Art. 1, 
is equal to [xy]. Therefore, in the former caſe, [& y] — 


[x < y] will be poſitive when x is leſs than x, and negative when 
/ * 


x 1s greater than x : and, in the latter caſe, [x = — [x ==. 
/ , 
will be poſitive when x is greater than x, and negative when x 


is leſs than x. It is evident then, that, x being either leſs or 
[x9] = [x9] : 
greater than x, — will be always poſitive or always 


X — x 


negative, according as the convexity is downwards or upwards. 
Hence it is plain, that the value of [x y] (ſuppoſing both it 
and its reciprocal to be finite) will be poſitive or negative, accord- 
ing as the convexity of the curve is downwards or upwards. 


12. 


With regard to curves referred to a fixed point C, it is evident, Þ 


that, when the concavity of the curve is towards C, as in Fig. 12. 
the perpendicular from C on the tangent increaſes as the ray or 
ordinate (y) is taken greater and greater: and when the con- 


vexity is towards C, as in Fig. 13. the ſaid perpendicular decreaſes 


2 
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as y is taken greater and greater. But, by what is ſaid above, 
that PEPE (reſuming the notation in Art. 7. and 8.) is 


— Conſequently, in the former caſe, 2 — 
ſu L 2] [u - 2] 


equal to 


* [uw] 


— a 5 will be poſitive when 1 is leſs than z, and negative 
& ate 8 e 


4 Ul 


LI = 


when z is greater than : and, in the latter caſe, : 
| i 22 


y 1 


— T will be poſitive when z is greater than u, and 
1 — 2 


negative when 1 is leſs than . Therefore it is manifeſt, that, 2 
/ 4 


8 


NIA II 


being either leſs or greater than 2, — — — 
1 — 2] 14 — 2] 


% — u will be always poſitive or always negative, according as the 
concavity or convexity is towards C. From whence it appears, 
that the value of ( — 2 50 — 5 =] (ſuppoſing both it and its reci- 


procal to be finite) will be Solitive or negative, according as the 
curve is concave or convex towards C. 
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CHAP VEL 


Of the Inveſtigation of uſeful Theorems, by finding 
the nature of a Curve from a given property of its 


Tangents. 
ſhall always be equal to the invariable ſquare : 
which tangent is ſuppoſed to interſect AE and BF 

in the points a and b reſpefively. 


Suppoſing ↄ to be the point where ab touches the required 
curve, let h be drawn parallel to AE; and call AB, a; Am, 


X 3 MP, Y. 


1. 


Being parallel to AE; it is propoſed to ſind à curve pig. 20. 
line, ſuch, that, ab being à tangent tbereto, at any 


point thereof, Bb] — Aa] (= Bb Aa x Bb — Aa) 


* 
BF 


Then will Aa be =y—x[x-y], 
Bb Sy T- -x XIX). 


and Bb] — A Sad —2axXx[x+.y] + 2% [(X =c. 
K 2 Hence, 
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as y is taken greater and greater. But, by what is faid above, 
that perpendicular (reſuming the notation in Art. 7. and 8.) is 


equal to — Conſequently, in the former caſe, „*I w] 


ſu 4 2 ſu — 2 
„* 


. : will be poſitive when is leſs than z, and negative 
& * f 


when 1 is greater than 2: and, in the latter caſe, 


II — 0 
L* 21 


** w] 


— will be poſitive when 4 is greater than 2, and 
6 OY, F 


negative when z is leſs than z. Therefore it is manifeſt, that, 2 
/ 4 


VIA L u] „L 1 
being either leſs or greater than 2, - 


.— 1 L 
„ will be always poſitive or always negative, according as the 


concavity or convexity is towards C. From whence it appears, 

that the value of [4 — £2 2] (ſuppoſing both it and its reci- 
| U — 2 

procal to be finite) will be poſitive or negative, according as the 

curve is concave or convex towards C. 
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CHAP. VL 


Of the Inveſtigation of uſeful Theorems, by finding 


the nature of a Curve Jeon a given property of its 
Tangents. 


1. 


DJ Being parallel to AE; it is propoſed to find a curve Fig, 20. 
line, ſuch, that, ab being à tangent thereto, at any 


point thereof, Bb] — In [= Bb + Aa x Bb Aa 
ſhall always be equal to the invariable ſquare : 


' wehich tangent is ſuppoſed to interſect AE and BF 
in the points a and b reſpeFively. 


Suppoſing þ to be the point where ab touches the required 
curve, let mp be drawn parallel to AE; and call AB, a; Am, 


*; Mp, J 


BF 


Then will Aa be y - x [NX y], 
Bb ==y þa—xx[x-y], 


and BBI — == 4 a x l 5] + 2a [(x L =c. 
K 2 Hence, 
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Hence, by reſidual diviſion, we get 
a — 2axx[uLiy]x[xuy+ayſxzy]=0; 
2 


2x — a 


from whence we have [x = = 


Which laſt quantity being ſubſtituted for its equal in the value 
of c', we find 


2 0 
SX 2X — à. 
9 : 


The curve therefore is a Parabola; AB coincides with a 
diameter thereof, the parameter of which is —= b and, V be- 
5 a 


ing the point where that diameter meets the curve, AV is = BV. 

CoROLLARY. AB being a diameter of any conical Parabola, 
and aAa parallel to the correſponding ordinates ; if Aa on one 
ſide of A be equal to Aa taken on the contrary ſide of A, the 


tangents ap, ap will always interſe& each other in the right 
line Bb, being that ordinate continued whoſe abſcifla VB is 
— VA. 


2. 
BF being parallel to AE, it is propoſed to find a curve line, fach, 
that, ab being a tangent thereto, at any point nbc Bb] | Aal 


fall always be equal lo the invariable ſquare c. 


Let the lines AB, Am, mp be as in the preceding article : 
Then Aa being = y — [x _.. y], and Bb — —=y+a—xx[x-+y]; 
Bbl + Aa] is = 2x5 —x[x=7] + 2 — zaxx[x- 5+ 

2ay[x -y] =. 

Hence, by reſidual diviſion, and dividing by 2 [x  y], we get 

2x [xy] —2xy +a — 2axX[x LY + oy =0; 


n= 2X 
from whence we have [x = = —Z=z=—. 
24 — 4 — 2x 


Which 
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Which laſt quantity being ſubſtituted for its equal in the value 
of c*, it appears that the equation of the curve is 


Ch = Xa — 24x + 2x : 
Anſwering to an Hyperbola ; whereof CV equal to 7 and pa- 
2 
rallel to AE and BF, is a ſemi- diameter; whoſe ſemi-conjugate 
is AC=BC— =; C being the center. 


2 
As by inveſtigating the firſt propoſition, we diſcovered a re- 
markable property of the Parabola ; ſo here we diſcover a property 
of the Hyperbola, equally remarkable : And it is obvious, that 


a Corollary may be drawn from what 1s done in this article, fimilar 
to that in the preceding. 


2. 


BF being ſtill 2 to AE; it is propoſed to find a curve line, Fig. 22. 
ſuch, that, ab being a tangent thereto, at any point thereof, the 23. 
refangle Aa x Bb fhall always be equal to the invariable ſquare c. 


The lines AB, Am, mp being as in the preceding articles ; 
Aa will be = y—x[x_+y], and Bb =a[ſx-y]+ y—x[x- y]. 
Therefore Aa x Bb will be = a XK - x IX . 
y—x[x<y] =. 
Hence, by means of our reſidual diviſion, we get 
a + 2X Xx y—x[xLy]—axſxey]=0; 
from whence we have [x + y] = AN 
285 4 2x 
Conſequently, by ſubſtitution, we find 
„ Bbe7, adi =c 
<8 p 4x 2 4 bx? 
Therefore, in the firſt caſe, the equation being) = — * 2 - K*, 


a 
the curve is a Circle or an Ellipſis; and in the ſecond caſe, the 


equation being y' — = X ax + x*, the curve is an Hyperbola. 


AE, BF touch the conic ſection, or oppoſite hyperbolas, in A 
and 
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and B: AB being a diameter of the ſection; whoſe conjugate 
is equal to 2c, and parallel to thoſe tangents. 


 ConoLLary I. It appears that c, the ſemi-conjugate to the 
diameter AB, is a mean proportional between Aa and Bb. 
CoroLLARY II. x being to 2 as a to 55 „the value of Bb; 
it follows, that if AE, BF be parallel tangents to any ellipſis, or 
oppoſite hyperbolas, and mp any ordinate to the diameter AB, 
a line drawn from the point of contact A, fo as to biſect mp, will 


always meet the tangent from þ in the line BF. 


CoroLLary III. Let ab be another tangent to the curve. 


Then, Aa being to Bb as Aa to Bb, the right lines ba, ba will 
meet in the diameter AB, or in the continuation thereof. 


ScuoLiuM. If it be required to deſcribe, to a given center, 
a conic ſection, or oppoſite hyperbolas, that ſhall touch three 
right lines given by poſition : Draw a line parallel to one of the 


given tangents, ſo that the given center ſhall be between them 


and equidiſtant from each, which line it is plain muſt be another 
tangent to the required curve; and then the diameter correſpond- 
ing to the two points of contact of the parallel tangents may be 
readily found by this Corollary, and its conjugate will be known 
by Cor. I. The deſcription of the curve then eaſily follows. 


CoRoLLARY IV. By conſidering BF to be removed to an 
infinite diſtance from AE, we may infer from the laſt Corollary, 


that, if AE, ab, ab be tangents to any conical parabola, right 


lines drawn through a and a parallel to ab, ab reſpectively, will 
meet in the continuation of that diameter AB which paſſes through 


the point where AE touches the curve. 


SCHOLIUM. This Corollary, it is obvious, enables us to de- 
ſcribe, with great facility, a parabola that ſhall touch three right 
lines given by poſition, and have its axis parallel to another night 
line given. by poſition ; and likewiſe to deſcribe a parabola, that 


mall touch four right lines given by poſition. 


4. AB, 
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AB, BC making any angle at B; it is propoſed to find a curve Fig. 24. 


line, ſuch, that, ab being a tangent thereto, at any point thereof, 
the rectangle Aa x bC ſhall always be equal to the invariable 
ſquare c. 


Suppoſing p to be the point where ab touches the required 
curve, let AD, mp be drawn parallel to BC, AB reſpectively ; and 
call AB, a; BC, 6; Am, x; mp, y. 


Then will Aa be = yp —x[x— 35], Ba = a—y—x|xLy], 


lib = LELREREESD and . 
[x < y] I 
Therefore 


Aa x bC is Y- xX wi ee —_— * LA =c\ 

Ny | 

Hence, after multiplying by [x Ly], we, by means of our 
reſidual diviſion, readily find 


[x —y] = 


Conſequently, by a proper ſubſtitution, it appears that the 
equation of the curve is 


ax f Fe = 4b c * . 
Which correſponds to an Ellipſis, or Hyperbola. And if CD be 


parallel to BA; AB, BC, CD, and DA will be tangents to the 
ellipſis, or oppoſite hyperbolas. Moreover, taking AE and CF 


each equal to ©, the right line EF will be a diameter of the 


ax ＋ by — 2xy Þ 
Oo 2bx — 2x* g 


Figure, whoſe conjugate diameter will be = 7 xVab T. 
CoROLLARY. The middle point P of the right line AC is the 


center of the Figure And, (ſuppoſing ab another tangent to the 


curve, ) Aa being to Cb, as Aa to Cb; if ab, ab be joined, and 
thoſe lines biſected, a right line drawn through the points of 
biſection will paſs through the point P. 


For 


25. 
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Fig. 26. 
27. 


Fig. 28. 
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For let Bd be to BC, as Aa to Cb; and parallel to Cd draw be, 
bf; alſo, having biſected thoſe three parallels in , u, and o, 


and the three lines AC, ab, ab in p, q, r reſpectively, draw mp, 
ng, or, which will all three be parallel to AB. Then from the 
analogies | 


de: Ch :: Bd: BC :: Aa: Cb, 
and df: Cb ;: Bd: BC :: Aa: Cb, 
it appears that de will be = Aa, and df = Aa. 


Therefore, in caſe the firſt (Fig. 26.) ae and af will each be 
equal to Ad; and the parallels mp, ng, or each equal to Ad. 
Conſequently, uno being a right line, pr is, in this caſe, a 
right line parallel thereto. 


Moreover, in caſe the ſecond (Fig. 27.) ae and af will be 
equal to Ad ＋ 2de and Ad + 2df reſpectively ; and the parallels 
mp, nq, cr equal to Ad, Ad + de, and Ad + df reſpectively. 
It is evident therefore, that, in this caſe, par is a right line 
parallel to dC. 


ScHorIUM. If it be required to deſcribe an ellipſis, or oppo- 
ſite hyperbolas, that ſhall touch five right lines given by poſition ; 
the center of the Figure may be eaſily found by this Corollary : 
And then we may proceed according to the Scholium to Cor. 3. 
of the laſt article. 


AB, BC making any angle at B; it is propoſed to find ſuch a 
curve line, that, ab being a tangent thereto, at any point thereof, 
Aa x bC /hall always be to Ba x Bb in the invariable ratio of a 
70 C. 

Lines being drawn and denominated as in the preceding 
article; we have, from what is there ſaid, and from the given 
ratio of the rectangle Aa x bC to the rectangle Ba x Bb, 


X UI L — 4 * D = 
aXa—y+xſx-y]. 


Hence, 
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Hence, by means of our reſidual diviſion, (x — x being the 
diviſor,) we get 3852 
%% — 4. 24 — ©. x + 24 — 20. xy 
(x - 9] e 2b + 24 — 20, 4 
Which laſt expreſſion being ſubſtituted for its equal in the 
equation above, the equation of the curve will be obtained. 


Or the ſame may be found (perhaps more readily) by proceed- 
ing as follows. | 
Let —— be ſubſtituted for its equal [x ], in the fuſt 


[y—x 


equation, and there will reſult 
xFEa ax Don tIboTT= 


** = TA. 


From whence, by reſidual diviſion, ( y — being the diviſor,) 
we find f 


[y x] -... Jy = c* . x + 24 — 20. xy 


24 — 23. 2 — Of, y + 24 — 2c. 


Therefore, [x L y] being = —= 


7 
e eee eee P 
Bey - 4. 24 C. x ＋ 24 — 2 Y willbe 22 2a* =, y + 23. j. 
2b K* + 24* — 20. x* by — 4. 24 = Ox ＋ 24*- 2, xy 
And the equation of the curve, from thence found, is 


acx + Sc -+ 2ab g 24 Wasen c - xy EA 44*bx — O; 
which correſponds to an Ellipſis or Hyperbola, according as c is 
greater or leſs than a.—lIt appears that AB, and BC will touch the 
Figure in A and C: And that if CE be parallel to BA, and equal 


24? — C 


to - · 4; AF, parallel to BE, will coincide with a diameter 


of the conic ſection; which diameter will be equal to BE, 


24* 


= 
vY fn a* 


and its conjugate equal to 


CoRoLLary I. This concluſion ſuggeſts ſome remarkable 


properties of the conic ſections; and alſo an eaſy method of de- 
L ſcribing 


73 


74 


THE RESIDUAL 


ſcribing elliptical or hyperbolic trajectories, that ſhall touch right 
lines given by poſition, in certain cafes, to which the theorems in 
the preceding articles are not ſo readily, if at all applicable. 


ExAMPLE. To deſcribe a trai * that fhall touch three right 
lines given by poſition, and two of them in given points. 


Fig. 29. Let AB, BC, ab be the three given lines, and A and C the 


points of contact of the two firſt of thoſe lines. 

On the line BA take Ae equal to AB, and parallel thereto 
draw Cf; alſo, having drawn ebf, draw / Bg meeting Cag in g: 
then will gA continued coincide with a diameter of the required 
trajectory. In the ſame manner may the direction of the diameter 
from C be found; and conſequently the center of the conic 
ſection, it being the point where thoſe diameters interſect each 
other, —The buſineſs then may be eafily completed, after th 
manner commonly taught by the writers on Conics. ; 

This conſtruction is ſo eaſily inferred from what is done above, 
that I think it unneceſſary to be more explicit. 


Fig. 28. CoROLLARY II. If c be equal to a, the required curve will 


be a Parabola. It therefore evidently follows, that, any two 
tangents AB, BC being drawn to any conical parabola ApC, 
touching the fame at A and C, and interſecting each other at B; 
if any third tangent ab be drawn (to the ſame parabola) inter- 
ſecting the tangents AB, BC, at a and b reſpectively, Aa x Cb 
will be = Bax Bb. And a knowledge of this remarkable pro- 
perty of the parabola enables us to find ſome others, and readily 
to perform the buſineſs mentioned in the Scholium to Cor. 4. 
Art. 3. 

The ſolutions to theſe problems being eaſily obtained by means 
of our reſidual diviſion, and the firſt theorem in the preceding 
chapter, without any farther knowledge of our doctrine ; they 
are, it is preſumed, not improperly inſerted here.—In a ſubſe- 
quent chapter, we ſhall ſhew how, by a different artifice in our 
Calculus, ſome other theorems relating to curve lines may be 
inveſtigated from given properties of their tangents. 

Some of the theorems here inveſtigated may be ſeen, demon- 


ſtrated in a different manner, in Sir Isa ac NewToN's Phil/. 


Natur. Princ. Mathem. 


THE 
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C HAP. VII. 


Of the Evolution and Curvature of Lines; with ſome 
Taferences relating to the Focuſes of reflected and 
refracted rays, and the curves .call'd Cauſtics. 


T. 


N Perfectly flexible thread, dCaA, being applied along Fig. 30. 
the convexity of the curve dCa, from d to a; ſup- 
rx pole the part aA (of ſuch thread) to be extended in 
KXX a right line that touches the ſaid curve in a; ſuppoſe 
alſo, that, whilſt one end of the thread remains fixed 
at d, the other end A be moved towards D, (in the ſame plane 
with the curve,) fo that the thread be continually unwrapped 
from the curve, and the part CP which is diſengaged theretrom 
be always extended in a right line that touches the curve : then 
ſhall the point A trace the involute curve APD that is ſaid to be 
deſcribed by the evolution of aCd, which is itſelf called the 
evolute, and the right line CP is called the radius of evolution cor- 

reſponding to the point P. 


2. 


Let Pr be drawn at right angles to CP; and, with the radius 
CP, deſcribe the circle EPF. Draw any other radius of eyolu- 
L 2 tion 


- ry 


8 * e 
8 * 
— — * —_  ——_ — — —_— — N 1 
. r 
22 K VC oppo Dez 


— — * 
— —— — 
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tion eq, e being between à and C; join Ce; and draw Cor, in- 
terſecting Pr in r. Then, by the nature of the evolution, eg + the 
curve Ce being manifeſtly = CP, eq + the chord Ce is leſs than 
CP; conſequently the right line Cy is till leſs than CP. But Cr is 


greater than CP: therefore Cy is leſs than Cr, and the involute 


AP is wholly between the right line Pr and the evolute aC. 

The point e being on the other fide of C, and g being the 
point where PC continued interſects er; eq (= CP + he curve 
Ce) is leſs than eg P: therefore gg is leis than gP. But gr is 
greater than gP : therefore gꝗ is leſs than gr, and the involute 
Pg is wholly between the right line Pr and the evolute Ce. 
Conſequently both Pr, and the circle EPF, touch the involute 
in P. 

The point e being between C and d, ſuppoſe F to be the point 
where the circle EPF interſects gr. Then eq (= CP + the curve 


Ce = CF-+ the curve Ce) will be greater than F: conſequently the 


circular arc PF falls within the involute Pq; and it is plain, that no 
circle deſcribed through P, with a radius leſs than CP, can paſs 
between PF and Pg. Moreover, gg being leſs than gP, (as before 
obſerved,) a circle deſcribed from any point g through P, with 
a radius gP greater than CP, paſſes without Pq and PF. There- 
fore no circle deſcribed through P can paſs between Pq and PF. 

The point e being between C and a, CP (as is proved above) 
is greater than C: conſequently the circular arc PE falls without 
the involute Pg ; and it is evident, that no circle deſcribed through 
P, with a radius greater than CP, can paſs between PE and Pg. 
Moreover, F being the point where ge continued interſects CP, 
PF + FC (== ge + the curve C) being leſs than gf + FC, Pf is 
leſs than gf : conſequently a circle deſcribed from any point 
through P, with a radius FP leſs than CP, paſſes within Pg and 
PE. It follows therefore, that no circle deſcribed through P 
can paſs between the circle EPF and the involute curve APD, 
all other circles paſſing either within or without both the ſaid 
circle and curve. 

3. 


The circle which touches a curve ſo cloſely, that no circle can 


be drawn through the point of contact between them, is faid 


to have the ſame curvature with the curve at that point. Which 
circle 


\. 
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circle is called the circle of curvature; its center, the center of 
curvature ; and its ſemidiameter, the radius of curvature, corre- 
ſponding to ſuch point of contact. | 

It appears then, that the circle EPF (whoſe center is C) is 
the circle of curvature of the involute APD, at P. Therefore, 
by conſidering any curve as an involute, the radius of curvature 


(or evolution), at any point thereof, may be readily found, as in 
the following articles. 
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4. 
The curve APD being referred to a baſe AK, ſuppoſe aC4 Fig. 31. 


to be the curve by whoſe evolution APD is deſcribed : draw CH 


parallel to KA ; and ſuppoſe GH, parallel to the ordinate PB, to 
interſect the ſaid baſe in I. Call AB, x; BP, y; the curve AP, 


2; the tangent NP, ?; the ſubtangent BN, s; Al, 3; GI, ; 
GH, v; CH, «; the curve aC, w; and (CP) the radius of 
curvature at P, R. | 
Then, by ſimilar triangles and Chap. 5. Art. 5. 
: t :: vy+c:R:: 1: [VL RI ( V= uh). 


Therefore 1 is ==X[v-R], and 2 —5 . 


From the laſt equation, we get, by reſidual diviſion, 
2 5 4 — 2— R CE — 15 250i =t=2, 
Hence R is found = —2=2) 3 


1 - at] [x3] = [x7] 


by Chapter 2. Article 8. 


But l => 
—_ 2] ee 4 
FF, Gay [x 2) Therefore, by ſubſtitution, 


we have 


R — = ] * . ____ [x2] 
| [x < 2] L Ai 
where [x L 2 is = VIT IX =. 


From 
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From thoſe equations, and what is proved in Chap. 2. Art, 9. 
other expreſſions for the value of R may be obtained, viz, 


ES LED ENED WES 


[y - 2] BSE 
and — = 2] 2 — (E254) 
[2 < I [z — y] 


Or the ſame may be obtained from theſe analogies, viz, 
Y : t:: 1e -&: R:: [VA]: viR)](=ſvev]), 
which follow from ſimilar triangles and Chap. 5. Art. 5. 


ExAMeLE. In the Parabola, ax being =y,, x is _ 
; a 


[y -*x] = 2, [y x] ==, and [y_2] (=v1+[y=3]) 
= £ I + 4 Therefore R = 7 5 is, in ſuch curve, 
equal to A La 


—— 


2a* 


In the Ellipfis and Hyperbola 2amx T ax is = any: and by 
reſidual diviſion, and ſubſtitution, | 


2 
- a 2,,2 7” 2 * 
R is found == - e — 


4 being the Parameter, and the ſemi-tranſverſe Axis. 


It is obſervable, that, in each of the Conic Sections, the 
Radius of Curvature, at the Vertex of the Figure, is equal to 
Half the Parameter. 

8 


COROLLARY. 


The equation of the involute curve being given, we may, 

from thence and what is done above, readily find the nature of 

the evolute. For, from what is faid in the laſt article, we have 
[ AI 


= — n 
— * — CC R — \ — L L 
P 7 * 1 A == e 


[y —x] 


„e, 


44 => 
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c OP TIBT | a (ED ; 
U — 7 + x „ Nb pes ＋*—5. 


[x 251 


From whence, by means of the given equation, x and y may 


be expunged : Conſequently the relation between v and u will 
then appear. 


ExAMPLE. Let the involute be the conical Parabola, whoſe 


equation is ax =). 


Then y x] being = 2, [ya x] == and D zl“ =1+£; 


18 —_ 45" — — 2 2. — 
v is c, and u = = + 2 b. 
1 _ = 
Hence y = 2 — 3 =]. 
4 3 
| 7 7 L 
Suppoſe c = 06, and b = 1a; then <*| = , 
| . 
and conſequently —— = 


Therefore the evolute Cd is, in this example, the ſemicubi- 
cal Parabola : And AI being = =, and G coinciding with the 


point I, that point is the center of curvature correſponding to 
the vertex A of the Parabola APD. 


6. 
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The curve APD being of the ſpiral kind, whoſe ordinates all Fig. 32. 


iſſue from the point G, ſuppoſe Cd to be the curve by whoſe 
evolution APD is deſcribed: join CG, CP; and draw GH, 


Q perpendicular to CP and the tangent PQ reſpectively. 


Call GP, y; GQ, (= HP,) p; the curve Cd, w; and (CP) 
the radius of curvature at P, R. 


Then, CH being =R —p, and GH = NV -, GC will 


be = VR* — 2pR + V/. Now, by Corollary to Article 8, 
Chap. 5. ; 


CH 
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CH: CG: : I VR 2pR+y]: [4uw](=[usR]) 


Fig. 33. 


i. e. R-: R - R 
. RR] —plu_R) —R[u—p) +yſu-y), 
8 N e — 3 [u R]. 
From whence it is evident, that 
yſusny]—Rſu_p]is=0o; 
and conſequently R 10 = being any function of . 


EXAMPLE. Guppeſe APD 7o be the Logarithmic Spiral; and 
s the fine of the invariable angle GPQ, made by the ray GP 
and tangent PQ, radius being unity. 


Then GQ (= þ) will be = 9, and conſequently R 1 
ö 4 
— 2. 


5 


, LAS . | =” | 3 ; - 
COROLLARY. CP (= R) being = =, and p = 5y; GH will 
be =Vy - i -x y, and CG 3 = 
Vi—Sx2. Therefore the fine of the angle GCH will 


7 
always be = 5; and conſequently, in this example, the evolute 
Cd is the fame curve as the involute APD, but placed in a 


different poſition. 


| 7. | 
Suppoſe og to be a kind of cycloid deſcribed by the point þ 


carried about with the curve aB revolving along the immoveable 
circular arc AB, as in Art, 10. Chap. 5. 


From D, the center of the immoveable circular arc, draw Dg 
perpendicular to pB continued ; and, to the continuation of DB, 
draw the perpendicular pc. Call the radius DB, R; Bp, x; 
Dp, y; Bg, w; and let /p, the radius of curvature of the 
cycloid at p, be called E. Then the tangent pf being (by 


Chap. 5. Art. 10.) parallel to gD, Dt (= ) the perpendicular 


from D on that tangent will be = w + x, Moreover, R being 
to 
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to ww as x to Bc ( =), cþ\ will be = x" — N, and © 


* =D] + | = R + = T* - = R + x + 2wx, 
Therefore E (= 2 N by the laſt Article) is equal to 


5 
L eee 
[uw] + L 


SCHOLIUM. If R be infinite, i. e. if AB (inſtead of being a Fig. 34. 
curve) be a right line: Then Ag being perpendicular on PB; 
and Bg, By, Ap, and AB being called w, x, , and 2 reſpec- 
tively ; we have þ (the perpendicular from A on the tangent to 


the cycloid at the point p) = x — , and y* = Ag : + pg = 
2 — 0 ＋ K — 0 —=2* + x* — 2wx. Therefore, in this 


[u 2 + * — 2ws] 


2. I X — 


caſe, E is = 


ExAMPLE I. Let aB be a circular arc whoſe center is d; and Fig. 33. 
call the radius Bd, v; db, g. Then, « — Be being = c 2 
oe — Bc — 1 = „ —r'+2r Xx B — Bc] , it is evident that Bc, 

b Wx „ „ em 8 7 T 
or its equal N, is = — —: Hence w =— xx K —g. 


2r 
R + 2r Ks: ot 
1 Ex 
2r 2r | 


„ RTF =. x, and 
5 1 2. Rr. x 1 
Rr. R. R Tr. — rw 


Conſequently þ (= w + x) is = 


CoRoLLaRyY I. Suppoſe the deſcribing point p to be in the 
periphery of the moveable circle. Then, ę being = r, p is 


M From 
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From whence we have y RA ds = »; Wd 


VE —2þE+y*= Df = uy (the ray from D to the point of 
the evolute correſponding to the point p of the involute) — 


Tie <- NK L e 


ö 2 K *x* S * 
R* A 


3 * tet 


Bringing the laſt expreſſion to the ſame form with the value 


/ 
2 


of y* we have * = K +4 CT 
R + 27 


R⸗ R* R* 1 
be = - and 7 = :» Therefore, R is = 


7 Nr r= 1 , and R + 2r = R. Hence it is plain, 
that the evolute of the cycloid % is another cycloid, which 
may be deſcribed by a point in the periphery of a circle 


H a 
y, where R' muſt 


Ry 
whoſe radius is T2 3 revolving upon the immoveable circle 
whoſe radius is — and center D; and the poſition of the 
+ 2r 


evolute with reſpect to the involute is very obvious. 


CoROLLARY II. Let the fixed point P be fo ſituated, that 
AP and DP ſhall be reſpectively equal to ap, %; and let be 
ſuppoſed equal to R. Then, the arcs AB, aB being equal, if the 
ray PB be drawn, the angle DBP will always be equal to the 
angle DBg. Therefore the evolute of the cycloid 9 is the 
cauſtic by reflection of the circle AB, P being the focus of the 


incident rays. 
Now, R being = 7, E will be = ng = Sn, and 
3* — e 2.X — W 


B/ = E — x (the diſtance of the focus of the reflected rays rom 
e 
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x? * . „ wx 
_ Tf f — — where 


the point of incidence) = rr. my 


* is — PB, and 8 = PD. 
Hence it is obvious, that if g be , i. e. if the focus of the 
incident rays be any where in the periphery of the circle AB, 


the focal diſtance Bf will always be = I = * 
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CoROLLARY III. Let r and þp be ſuppoſed each equal to {R. Fig. 35. 


Then, the arcs AB, aB being equal, and the deſcribing point 
y coinciding with a, if any ray PB be drawn perpendicular to 
AD, the angles DBP, DB/ will always be equal. 
Therefore the evolute of the cycloid opg is the cauſtic by 
reflection of the circle AB, the incident rays being parallel, 
Now, R being r = 8, E will be = zx; and the focal 
diſtance Bf = & = . 


CoROLLARY IV. AB being any reflecting curve whatever; 
the focus of rays reflected from any point (B) thereof may be 
found by the above theorems, by conſidering R as the radius, 


and D as the center of curvature of ſuch curve at the point of 


incidence. 


ExAmMPLE II. Let ap be perpendicular to the tangent lo the Fig. 36. 


moveable curve at a, and the points P, A, D in a right line: 
and ſuppeſe the curve aB of ſuch a nature, that, the arc aB being 
equal to the arc AB, pB (= x) ſhall always be equal to n x PB, 
n being invariable, 

Then PB being continued, and Dh drawn perpendicular 
thereto, R — v* will be VR — ww}, v being put for 
Bh: for it follows from Chap. 5. Art. 8. that the fines of the 
angles DBh, DBg will be to each other in the invariable ratio 
of 1 to 7 reſpectively ; thoſe ſines being reſpectively equal to the 


coſine of the angle made by PB and the common tangent to the 
two curves at B, and the coſine of the angle made by B and 


the ſame tangent.— Moreover, calling AP, d; d + 3 R 


+ v* will be = 2 g — By means of which equations 
M 2 | 2 4 
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[u ZL w] and [u L x] may be eaſily expunged out of the equation 


E = Cn ET 7 1 n and then we ſhall have 
u . W Wake # 


UW — ny .X* + Wim Vx 
E = — . 


UW — HU LN — 1 


CoRoLLARY I. The fines of the angles DBh, DBg being 
to each other in the invariable ratio of 1 to 7 reſpectively, the 
evolute of the curve cþq is the cauſtic by refraction of the 
circle AB, P being the focus of the incident rays, and 1 to » the 
ratio of the fine ot incidence to that of refraction. Conſequently, 
taking x from the value of E, and writing ny inſtead of x; 
B/, the diſtance of the focus of the refracted rays from the 

10 
Wy — Huy — nv 


point of incidence, will be found = , Where y 


is equal to PB. 


CoROLLARY II. AB being any refrafting curve whatever, 
the focus of rays refracted at any point (B) thereof may be 
found by the theorem in the preceding Corollary, by conſidering 
R as the radius, and D as the center of curvature of ſuch curve 
at the point of incidence. 


ScHoLIUM. If R be infinite, i. e. if AB (inſtead of being a 
curve) be a right line, to which AP is perpendicular. Then, 
Ah, Ag being reſpectively perpendicular to BP, Bp ; and AP, 
Bh, Bg, By, BP, and AB being called d, v, w, x, y, and 2 
reſpeQtively; we have — 4 = = wy, x == n, and 
W == nv. From whence we get x — Ww == ny — mv = ny — 
ny* — nd* nd 


= und Te - zur -= Ie —2n oy 
=y —ny —d -i. 
Therefore, by the Scholium to Article 7. E is = — — E 


Conſequently, in this caſe, by what is obſerved in Corollary 1. 
E — x, the diſtance of the focus of the refracted rays from the 


. 


point of incidence B, is 2 . P being the focus 
of the incident rays. 


8. To 
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To find the point F where any refracted ray BF meets the Fig. 37. 

axis AF of any refracting curve AB. Draw the incident ray PB, 
the ordinate BC, the tangent Bt, and BD perpendicular to that 
tangent. Call the abſciſſa AC, x; the ordinate BC, y; the 
curve AB, 2; PB, v; BF, w; AP, d; AF, e: and let the fine 
of incidence be to that of refraction, as 1 tow. Then, the ſub- 
tangent, ordinate, and tangent being to each other as 1, [x y], 
and [x L 2] reſpectively, by Chap. 5. Art. 5. we have 


1: [x3] ::y:y[x-y=CD; and (radius being 1) 
[x48] 3 1331: —, the ſine of the angle BC — BDC; 


[x 22 
[Ca 89-21-3218 433-1 2 


Moreover v : :: d+x: 4 he the ſine of the angle PBC; 
V 


adv: 13:7 : = the coſine of PBC. 


Now the coſine of the difference of two angles being equal 
to the rectangle of the two fines plus the rectangle of the two 


„the coſine of the ſame angle. 


coſines of thoſe two angles, — + Alis the coſine 
v[x <2] oſx 2] 


of the angle TBP, or the fine of the angle of incidence. 
Therefore, 7 times this laſt ſine being the ſine of the angle 

of refraction DBF, we have 

d+x+y[x-y] 7 


v[x— 2] : [x2] 3 
Conſequently, v being Sy An, and 20 — 7 y be — 
1 is = SSD, 
VIFz| + Vi=d + 
by means of which equation, and the equation of the given 
refracting curve, e may be readily determined. 


N X 


:: e—X - Y Ly (DF): w. 


SchoLIUu I. If 4 be infinite, i. e. if the incident ray PB be 


parallel to the axis of the curve, the fine of BBC will be = 1, 
and 
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and the coſine = o. Therefore, in that caſe, : 1:: DF : BF , 
e—x—y[x Sy] 
V — 4 + y* 
ScnotiuM II. That the refracted rays may be all parallel, 


the angle made by BD and any ray after refraction at B mult 


be equal to the angle BDC. Therefore 7 X —— 


and conſequently 2 = 


[l - 
muſt be — 7 5 and conſequently, in this caſe, 
& 2 
K 2 muſt be == 1. 
Vi + x| + 5? 


ExamMeLEI. The refrafing curve being DESCARTES' Oral, 


whoſe equation is nl a TA y — 1a = 8 A 
2＋E 22 1 [x Ly} 
Vats +0 VI=A +# 

Which equation being compared with the equation 
nx A 8 nr LIE above found, it appears 
VAT ANN Vis + * 
that the ſines of incidence and refraction being as 1 to , if 


( being leſs than 1, and @ and 6 poſitive quantities,) d be 
= a, e Will always be = 5; and the refracted rays, from every 


we, by reſidual diviſion, get 7 x 


point of the curve, will all meet the axis in one and the ſame 


point, which therefore will be their common focus, without any 
aberration, 


ExAMPLE IT. Suppoſe the curve AB to be a cucle, whoſe 
radius is a, Then, y* being = 24x — x, YK vis Sa- x; 
and by ſubſtituting theſe values of y* and y [x y] for their reſpec- 
d+x+y[*z <3] __e—=x—=2[x—)] 


Vito +5 Vi ; 


we have OE, : from WHEnCe, 


— —— 


VT i. „ VT | 


tive equals in the equation 72 X 


when 4, d, u, and x are given, e may be readily found; and, 


conſequently, the aberration of any ray from the focus of rays 


falling on or very near the vertex A. | 
From 
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0 V a a 5 7 7 nN. 4 
From the laſt equation we get * EE, 
V ＋ 2. 4a — e. 4 
b*d* ef 1 5 : 1. 4 T 4 . 
therefore N is = 3 þ being of any 
2 fg — &@q 
e 2. a — e. 4 
value whatever. Now ſuppoſing e = bd, and a — = 
bn.a +4 


bxa+d, 
it will: From which equations we have e = bd — — nd — 
n+1.0, and d = — . Hence it appears, that if P be 


N : 


, it is evident, muſt be = 1, let x be what 


on the concave fide of AB, and its diſtance from A be = =-a, 


| n 
the refracted rays from every point of the curve will all diverge 


from one point in the axis, the diſtance of which point from 


A will be == +1. 4. 
And it follows, that rays converging to P, (ſituated as juſt 
now mentioned,) and falling on the convexity of the circle,will all 


be refracted to F, AF being = 2 +1. 4. 
EXAMPLE III. Let AB be an ellipſis, wheſe equation is y = 


zx, a being the parameter, and b the tranfoerſe axis. 


Then will = JF AA y be -= AT 


g being of any value whatever. Hence, by reſidual diviſion, 


7X — 


a 
— — + —Xx 
g—x=—y[x Ay] ee ee 


we get = = = — 
Vi=i'+y 5 + ax Lo 


ing this equation with that in Schol. 1. it appears that, the in- 
cident rays being parallel to the axis of the curve, e will always 
be equal to the invariable quantity g, let x be what it will, if 


g—x—ia + <= 2 


be a — — 4 1 o 
W or: of Bar mn way . 14 A b * 
b 


always = 1 X g — x ＋ ax — 5;x* 1 b.-C: 4 aw 24 = 
| 2. 


By compar- 
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{FED 3—), x always = ng —+ 
1.0 —2g.X—7. 1 —1.x . Now, that this laſt may be a 


| 2 
true equation, x being of any value whatever, g — :4 muſt be 


SS 


—NS 5 2. 9— 14. 4—1 =7 4 — 2g (S — 2. g — 1), 


b 
and + — | = —.-—1. And from theſe equations we 
have =- A, and g = 4aX —— = ib x 1+n; which 


b I —7 

value of g is the diſtance of the remoter focus of the ellipſis from 
a 
U | 
being = I- , and the incident rays being parallel to the 
tranſverſe axis, and falling on the convexity of the curve, the 
retracted rays from every point of the figure will, without any 
aberration, all converge to the focus juſt now mentioned. 

And (reverſing the ratio of the fines of incidence and refraction) 
—1 


1 
n 


the vertex, when 3 is = 1 — 7", It is evident therefore, that, -- 


and the incident rays iſſuing 


it is obvious that, 7 being = a 


from one of the focuſes of the ellipſis and falling on the con- 
cavity of the farther half thereof, the rays after refraction will all 
proceed in a direction parallel to the tranſverſe axis. 

Writing — 5 inſtead of 5, the equation of the curve becomes 


y = ax + Ix", correſponding to an hyperbola whoſe parameter 
is a, and tranſverſe axis 5. It follows therefore, that, — being 


= n — 1, and the incident rays being parallel to the tranverſe 
axis, and falling on the concavity of the curve AB, now ſuppoſed 
an hyperbola, the refracted rays will all converge to the focus of 
the conjugate hyperbola, 

And (reverſing the ratio of the fines of incidence and refraction) 
— n* 


n* 


it is obvious that, + being = f , and the incident rays iſſu- 


inz from the focus of the conjugate hyperbola, and falling on the 


convexity of the hyperbola AB, the rays, after refraction at the 


laſt- mentioned curve, will, from every point thereof, proceed in 
a direction parallel to the tranſverſe axis. | 
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CHAP. VIII. 
Of the greateſt and leaſt Orxvinartzs, he PoixTs 


of contrary flexion and reflexion, and the double 
and triple &c. PoinTs of curve Lines. 


T. 


N F, y being ſome function of x, y be always leſs or 


K 
he wr always greater than y, when x, taken between cer- 


tain limits, is either leſs or greater than x, how near 
ſoever x be taken to x; the value of y, or the quantity denoted 
/ 


thereby, is conſidered as a maximum or minimum, without regard 


to any value it may have when x is not taken between the ſaid 
limits. | | 


2. 


The ordinate from a point of a curve is a maximum, or mini- 
mum, when, the curve being immediately continued on both 
tides thereof, it is greater, or leſs, than the ordinates which may 


be drawn, on either fide of it, from the adjoining parts of the 
curve. 


N 3. Sup- 
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Suppoſe y to be the ordinate of a curve correſponding to 
the abſciſſa x; and y another ordinate (of the fame curve) 


correſponding to the abſciſſa x, Then if y be a maximum, it 
will be greater than y, whether be leſs or greater than x, pro- 
vided x be taken between certain limits: and conſequently the 
reſidual y — will, in ſuch caſe, be always poſitive, when x 
is taken either leſs or greater than x, between thoſe limits. 

But if y be a minimum, y — y will be always negative, when 
x is taken either leſs or greater than x, between certain limits. 


, 


Now ſeeing that, when y is a maximum or minimum, the 
value of the reſidual y — y muſt be always poſitive or always 
/ 


negative, when x is taken either leſs or greater than x, between 


certain limits : it is obvious, that, in ſuch caſe, the value of 


3—y - x — x will, accordingly, be poſitive when x is leſs 
/ , 6 
than x, and negative when x is greater than x; or poſitive 
/ 
when x is greater than x, and negative when x is leſs than x, 


now near ſoever x be taken to x. Therefore, by Chap. 4. 
Art. 1. 


[x Ly] will then be = ©, or — = ©. 
[x —y] 


Moreover, ſuppoſing & to denote a value of x in either of 
thoſe equations, and d the correſpondent value of , 4 being a 


. . . — Fl * ” . 
maximum or a minimum, _ will, accordingly, be poſitive when 
IX —_ 


x 15 leſs than 6, and negative when x is greater than þ; or poſi- 
tive when x 1s greater than h, and negative when x is leſs than 5, 
how 
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how near ſoever x be taken to , between certain limits. There- 
fore, by what is faid in Chap. 4. Art. 3. that expreſſion, viz. 


vill be = = & Q; 


m being ſuppoſed an odd number, or a fraction whoſe numerator 
and denominator are both odd numbers; ; and Q {ome aigebraic 
expreſſion conſiſting of ſuch quantities, that its value ſhall be 
real when x is either leſs or greater than 5, (between certain 
limits,) and that neither it nor its reciprocal ſhall vaniſh when x 
is equal to 56. 

And it likewiſe follows from the article laſt mentioned, that, 
the abſciſſa being equal to &, the correſpondent ordinate ſhall 


be a maximum or a nini mum, according as 9, the value of Q 


when x is equal to 5, is negative or poſitive, n being as juſt now 
ſpecified. But, if 2 comes out contraty to our ſuppoſition, the 
abſciſſa, when equal to &, will not correſpend to an ordinate that 
is either a maximum or a minimum. — This we ſhall, by and by, 
explain by ape aps 


The equation —— — þ\" x Q being divided by x — A“, 


we have — jd 
r 


be poſitive, otherwiſe g and 7 cannot be finite. Now, by 


2224 


Chap. 2. Cor. to 73 6. the value of - 5 when x is == 6, 


is equal to the value of the quotient of [x -. y] divided by 
mn I. 4 -, when x is taken = . Thereſore 9 will be 

£.2...5 4 ER 
= 1x ow BY 


now mentioned. Hence it is evident, that m and q may be found 
by reſolving [x y] into two ſuch factors, (F and G,) that 
one of them (F) ſhall be ſome power of x — , and the other 
(G) ſhall neither vaniſh nor become infinite when & is therein 


taken equal to b: for by comparing x — a” with F, u will be 
1 - when x is equal to 6. 


equal to the value of when x is taken as juſt 


known; and 9 will be the value of 7 


Moreover, Q will be real or imaginary when x is taken les 
| 4 mas 


— FAN where (d being finite) mM ＋ 1 muſt 
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or greater than 5, between certain limits; according as G is real 
or imaginary when x is ſo taken, Therefore, by means of the 
ſaid factors Fand G, we may readily know whether the ordi- 
nate correſponding to the abſciſſa þ be a maximum or minimum, 
without aſſigning the general value of Q. 


Ex AMPLE I. Suppoſe y = ax — x, a being invariable, 


Then we ſhall have [xy] =@—2x = x — £ X—2 =0; 
. a 
where x is == —. 


* a 
Now, 6b being , we have F =- A“, and 


G == - 2. Therefore, being == 1, and 9 (the value of 


8 
m + 1 
when x is = 6) being a negative quantity, y is a maximum 


. a 
when oF 15 2 "Ry 


EXAMPLE II. Suppoſe y = Xx — a'x, where a is invariable. 
Then we have 
[xy] =4x —@ =x — 4% +4%ax + 4 = © 
a 
Now, 6b being = Þ we have F = x — 7 = N=“, and 


where the real value of x is 


6 45 a + 4'ax + 4x'. Therefore, „ being = 1, and 9 


m ＋ 1 
. o . * aA 
y is a minimum when x 18 == RE 


(the value of when x is == 6) being a poſitive quantity, 


ExAMPLE III. Suppoſe y == X + a' —x*\*, where a is an 
invariable poſitive quantity. 
Then we ſhall have 
[x ] 3 2x X 7 2* I dax — 16x* 3 
a 4 1 * POL PE — x} „ g*x=2 ＋ be + 12x* 


— — 
— 


a2 2 being ſuppoſed = g, 2x x a — x] will be = g + 2x*, 
| | and 


. 

* 11 
. 
8 
* 
* 
1 


* 
* 1 
4 X 
3 
* 
* 
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— 


a 5 i 
— Rx XX — —; 239* + 23ax + 2x* 
— 25 — 8 being put ſor the nu- 
a — xÞ x g 2 ＋ bg + 12x* 
-_ 1 1 
X 297 
2 — 1 _ F=atxZFax bo __ 
2.x > a” — E cas 2* * 5 8 2* 4 * as wee 73 . 


In the equation [x -. y] =o, the real values of x are 9 and 


a . , 
„ and, in the equation 


= o, the real value of x is a. 
[x — 9] 


b m 
Taking 6 equal to o, we have F'=x —0=x — A, and 
— 8$Xx—< X 2% + 21% + Sn” 


G = = — —. Therefore, being ma- 
4 — K X g*x—2 + bg + 12x* 


nifeſtly = 1, and 9 (the value of 


G 


when x is = 6) being 
I \ 


m + 

a poſitive quantity, y is a 77/77 mum When x is = 0. 
a A a TS 
Taking 5 equal to 2% we have F = x — DX: b], 

— 8x N 24a* + 23ax + 2x* 

and G = - Therefore, m being = f, 

a — K* , X g*x—=2 + 6g 12x* | 

- a * * * . a 

and q being a negative quantity, y is a Max/71M WhEN x is = = 


2 

Taking 4 equal to a, we have F = x - = x — I 
and G — 
a* + ax + x 


q being a poſitive quantity, y is a minimum when x is = 0. 


Therefore n being = — 3 and 


and 84 — 16 == g* + be*x* + 12g. From whence it is evident, that 
if g be multiplied by g* ＋ bg + 12x*, the product will be equal to 
2x X a* — * — 2K 


ar — 16; and therefore it is plain that = . is equal 


45 — xi|; 
__ 84*%x3 — 16x? 2 Q 23% - lx 


E = = — — — tt 
a — XK g* + bgx* + 124«** 4 — * g 2 + bg + 12x* 
numerator-and denominator being each divided by x*, the variable quantity by 
which both 8a — 16 and g* + bgx* 4 12x* are diviſible. 


EXAMPLE 
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Ax — ax — ax Lax“ 
EXAMPLE IV. Suppoſe y = ax — ax — 5a x ＋ jax* — 
Xx, where a is an invariable pofitive quantity. 


Then will [x 4. y] be =a*— 2a'x— 24 x + GX — 3K = 


a a 
— JXX— , XX Þ = XX —@ ==0; 


g v3 V3 
where x is equal to , or — —, or @ 
, V3 3 
Taking 6 equal to , we have F=x— - “, 
EE V 3 
and G = — 3 x x + =XX— Therefore, 9 being 
"ES 


evidently = 1, and (the value of — = - when x is = 5) being 


© . . . * a 
a negative quantity, y is a maximum when x is == = 
3 


Taking 6 equal to — — . we have F = x + 75 =x—0", 


I 


— 


and G = — 3 ** X X — A. Therefore, m being = 1, 


qa 


— 


and g being a poſitive quantity, y is a minimum when x 18 =— 7 


Taking 6 equal to a, we have F = x — al = x — 4", and 


a * 


which being contrary to our ſuppoſition, it follows, that y is 
neither a maximum nor a minimum when x is a, notwith- 
ſtanding this value of x is determined in the ſame manner as are 


the other two values above ſpecified. 


ExAMPLE V. Suppoſe y =X ＋a — x17, where a is an 
invariable pofitive quantity. 


Then we have [x < y] _ NE" (=== * 25 + 22x? I 35s 


— 
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x 
oO 7 x — 270) — 21% — 20x 
2 


„being put for a = * = O 


— 
——5 


FT + 30 
1 G = air 
[wg] „ as 3 — = O. 


and 


In the equation [x - y] o, the real value of x is 2; and 


21 
in the equation == 0, the real value of x is 2. 
[x] 
. a 
Taking 5 equal to g, we have F = x — c=“, 
2 21 : 

— 21 — 27 — 20" x* . 

and G = = ; =. Therefore, yz being = 1, 
a — PX + ze + * 


8 


and 9 (the value of _ when x is = 6b) being a negative 


quantity, y is a maximum when x is == — 
23 
2 
Taking 6 equal to 3, we have F= -A N=, 
_— 7 2 : 
and G = 1 - = . Therefore MN 15S — — = 3 which 
a* + ax + x27 3 


being contrary to our ſuppoſition, it follows, that y is neither 
a maximum nor a minimum when x is = 4. 


EXAMPLE VI. Suppoſe y = a — — — „iber a 
is invariable and poſitive. 


Then will 


[x 29 be = T en 
2a% | 


where x is equal to 2, or to 6. 
ye 


Taking & equal to 


* 


— — - 5 = — — - 


* — — — COP 
"I = 


— 
— 
- aA. 
— . 
— = 


— 


— — 
* * — 
A Br a. f MCL 


— —. 


— EI 


* * 


40. 


45. 
40. 
47. 
48. 
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and G = ——— Therefore, m being = 1, 
20* X 5.4 —al*' + 44 


when x is = 6) being a negative 


quantity, y is a maximum when x is = =, 
23 


and 9 (the value of — 2 


Taking b equal to a, We have F Xx — @ = x — * and 


G == — lere , which is manifeſtly = 1, 
20 X 5.@ — A + 44 

is agreeable to our ſuppoſition; but, the value of G being 
imaginary when x is greater than a, it appears, (as it likewiſe 
does from the equation of the curve,) that, when x is equal to 
a, the curve is not continued on both ſides of the ordinate ; 
therefore y is not then a maximum or minimum, within the 
meaning of our explication in Art. 1, and 2. 

It may be worth while to enquire concerning the point of 
the curve to which the ordinate 4 (determined as above) corre- 
ſponds, when m comes out contrary to our ſuppoſition, or G is 
not real, both when x is greater and when leſs than 5: and that 
I purpoſe to do, in the next article. 5 


4. 
We have ſound, in Chap. 5. that I 
* — Y 
of the ſubtangent; therefore [x y] is the quotient of the 


* 


is the general value 


ordinate divided by the ſubtangent. Now it is obvious, that the 


ſaid quotient will vaniſh, when, the ordinate being finite, the 
tangent is parallel to the baſe; and that ( ) the reciprocal of 


X — 9 
the fame quotient will vaniſh when the tangent coincides with 
the ordinate. When the tangent is parallel to the baſe, the 
ordinate may be a maximum or minimum, as in Fig. 38, 39. or 
it may paſs through a point of contrary flexion, as in Fig. 40. 
or correſpond to a cuſpid, as in Fig. 41, 42, 43. Alſo, when 
the tangent coincides with the ordinate, ſuch ordinate may be a 
maximum or minimum, as in Fig. 44, 45. or it may meet the 


curve in a point of contrary flexure, as in Fig. 46, or correſpond 
to 
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to a cuſpid, as in Fig. 47, 48. or touch a continued arch, as 
in Fig. 49. It appears therefore, that, 5 being a value of x in 


the equation [x ] = 0, or 


= 0, and d the correſpon- 


dent value of y, (as ſuppoſed above,) the ordinate 4 may be a 
maximum or minimum, or correſpond to a point of contrary 
flexion or reflexion, or touch a continued arch: moreover, the 
tangent to the correſpondent point of the curve will be parallel 


to the baſe, or coincide with the ordinate, according as & is de- 


termined from the equation [xy] = 0, or ie 


E —< y] 
. . | . M1 . 
according as n, in the equation y — d = — 1 * 0," 18 


poſitive or negative. 
If the ordinate d correſponds to a point of contrary flexure, 


— m I . 

x — 8 T x Q, the value of y — d, muſt be negative when 
x is leſs than 5, and pofitive when x is greater than 6; or 
negative when x is greater than , and poſitive when x is lets 


than 6. Therefore x — ** muſt, in that caſe, be negative or 
poſitive, according as x is leſs or greater than ; and conſequently 
mM + 1 muſt be an odd number, or a fraction whoſe numerator 
and denominator are both odd numbers. From whence it fol- 
lows, that n muſt then be an even number, or a fraction whoſe 
numerator is an even number and denominator an odd number. 
It is evident therefore, that, when mm is as juſt now ſpecified, 
and G 1s real both when x is greater and when leſs than 5, the 
ordinate d meets the curve in a point of contrary flexure; and the 
tangent at that point will be parallel to the baſe, or coincide with 
the ordinate, according as m2 is poſitive or negative: moreover, if 
x be increaſed aſter being equal to 6, y will, at the ſame time, 
increaſe or decreaſe, according as q is poſitive or negative. 


The celebrated Marquis Dx L'HospIT AL diſtinguiſhes ciſpids (ar 
points of reflexion, ) into two kinds : when the branches of the curve 
which form the cuſpid have their convexity towards each other, the 
cuſpid is ſaid to be of the firſt kind; but of the ſecond kind, when 
the convexity of one of thoſe branches is towards the concavity of the 
2ther,—In what follows, we will obſerve the ſame diſtinction. 
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Let AE be the baſe upon which the abſciſſa x is meaſured 
when y is conſidered as the ordinate, and let AF be drawn pa- 
rallel to the ſaid ordinate. Then, y being ſuppoſed to denote any 
hſciſſa AD, meaſured on AF; and x the correſponding ordinate 


DP; we have, by the preceding article, [y + x] So, or 


— 0, when x is a max/mum or minimum. Therefore, [x . 
1 


7 
3 [345] [#9] 
ſx y] = 0, when x is as juſt now mentioned. Moreover, 


F . 124 5 m x —b _ 
from the equation - == x b| x Q, we get —= 


will be So, or 


(by Art. 9. Chap. 2.) being = 


7 * 5 Therefore, by the laſt article, — 
m+1 | 

he an odd number, or a fraction whoſe numerator and denomi- 
nator are both odd numbers, when x is a maximum or minimum: 
Hence it follows, that 2 muſt then be a fraction whoſe numerator 
is an odd number, and denominator an even number.— Now, 
when DP (= x) is a maximum or minimum, CP (parallel and 
equal to AD == y) either touches a continued arch ; or corre- 
{ponds to a cuſpid of the firſt kind, with the tangent at the point 
of reflexion parallel to the baſe.— It is manifeſt therefore, that, 
if, when DP is equal to 6, the curve be continued on both ſides 
of that line, m muſt be as juſt now ſpecified ; and the ordinate 
d will correſpond to ſuch a cuſpid as we laſt mentioned, or touch 
a continued arch, according as n is poſitive or negative. 


m 
: muſt 


From what has been faid it is evident, that, n being any number 
or fraction whatever, if the curve be not continued on both ſides 
of the ordinate d, that ordinate will correſpond to a cuſpid of the 
ſecond kind; except when n is a fraction whoſe numerator is an 
odd number, and denominator an even number, in which caſe 
tne ſaid ordinate may correſpond to a cuſpid of either kind, or 
touch a continued arch, 


CoRoLLARY I. The value of [x Ly] being expreſſed by a 
fraction, if, by ſuppoſing the numerator thereof o, x be found 
equal to (any quantity) 6; and, by ſuppoſing the denominator 
= 0, x be likewiſe found equal to 5; it may, in ſuch caſe, 

happen, 


CAP. VIII, ANALYSIS. 


happen, that n ſhall be = . When it ſo happens, the ordinate 
correſponding to the abſciſſa þ will meet the curve in a double 
or triple &c. point, according as has two or three &c. values. 
If, m being = 0, g has two equal values, the faid ordinate will 
correſpond to a point of the cutve where two branches thereof 
touch each other, either forming a cuſpid there, or being con- 
tinued on both ſides of ſuch ordinate : and, if the values of 9 are 
all imaginary, ſuch ordinate will correſpond to a conjugate point. 

The poſition of the tangents to the ſeveral branches of the 
curve, at ſuch double or triple &c. point, will be known by 
means of the ſeveral values of : for, m being So, q is the 
value of [x y] when x is equal to &; and therefore q will then 
be to unity, as the ordinate to the ſubtangent. 


CoRoLLARY II. i being a poſitive odd number, or a poſitive 
fraction whoſe numerator and denominator are both odd num- 
bers, as many ſingle different real values as q has, ſo many dif- 
ferent branches of the curve are continued on both fides of the 
ordinate d, touching each other in P, the point to which the ſaid 
ordinate correſponds : and two equal values of g denote two con- 
tinued arches of equal curvature at P, and both turned one way ; 
or a cuſpid of the ſecond kind, at that point. 

The tangent, at P, to ſuch cuſpid, or continued arches, will 
be parallel to the baſe; and, according as q is negative or poſitive, 
the branch to which it relates will, at P, have its convexity up- 
wards or downwards. 

Imaginary values of g indicate a conjugate point at P; m being 
as in this, or the next Corollary. 


CoROLLARY III. n being a negative odd number, or a ne- 
gative fraction whoſe numerator and denominator are both odd 
numbers, as many ſingle different real values as g has, ſo many 
different branches of the curve are continued on both fides of 
the ordinate d, each forming a cuſpid of the firſt kind, at P: and 
two equal values of g denote two ſuch cuſpids, both pointing one 
way; or a cuſpid of the ſecond kind, at that point. 

The tangent to each of theſe cuſpids will coincide with the or- 
dinate; and, according as ꝙ is negative or poſitive, the cuſpid to 
which it relates will point upwards or downwards. 

O 2 COROT- 
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Corollary IV. m being an even number, or a fraction 
whoſe numerator is even and denominator odd, as many ſingle 
different real values as 4 has, ſo many different branches of the 
curve are continued on both ſides of the ordinate d, each having a 
point of contrary flexure at P: and two equal values of q denote 
iwo ſuch branches, both turned alike ; or a cuſpid of the ſecond 
kind, at that point. 

The tangent to ſuch cuſpid, or point of contrary flexure, will 
be parallel to the baſe, or coincident with the ordinate, according 
as m is politive or negative; and, according as q is poſitive or 
negative, y will be greater or leſs than d, when x is taken greater 


than 6. 


CorRoLLARY V. m being a poſitive fraction whoſe numerator 
is an odd number and denominator an even number, as many 


ſingle different poſitive real values as q and — II x 7 have, fo 
many cuſpids of the firſt kind will be formed at P: and two 


equal poſitive real values of q, or of — 1 * X , denote two ſuch 
cuſpids, at that point, both turned one way; or a cuſpid of the 
ſecond kind there. 

The tangents to ſuch cuſpids will be parallel to the baſe; and, 
(x being ſuppoſed poſitive when the abſciſſa is on the right of 
the point where it begins,) according as the value of q or 


— 1] „ is real, the branch or branches forming the cuſpid, 
to which ſuch value relates, will be on the right or left of the 
ordinate d. 


m being as in this, or the following Corollary, a conjugate point 
1 . . m | 
is indicated, if neither q nor — 1] x 9 be real. 

CoROLLARY VI. i being a negative fraction whoſe numera- 
tor is odd and denominator even, as many ſingle different poſitive 


real values as 4 and — II“ x 4 have, ſo many continued arches 
will be touched by the ordinate 4: and two equal poſitive real 


values of 775 Or of — * * 7. denote, that d is a tangent to a 


cuſpid of the ſecond kind, at P; or that 4 touches two con- 


tinued arches of equal cutvature at that point, and both turned 


one way. Moreover, 
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Moreover, (x being ſuppoſed poſitive when the abſciſſa is on 
the right of the point where it begins,) according as the value 


of q or — “ * 9 is real, the continued arch, or the branches 
forming the cuſpid, to which ſuch value relates, will be on the 
right or left of the ſaid ordinate d. 


SCHOLIUM. n being any number or fraction whatever, if q 
has two equal values, P, inſtead of being as above ſpecified, 
will ſometimes be a conjugate point. And, from this obſervation 
and what is ſaid above, the conſequence is obvious, when, be— 
ing of any value whatever, 4 has three or more equal values. 

Theſe Corollaries are of great uſe, for preventing miſtakes 
concerning the greateſt and leaſt ordinates, and for aſcertaining 
the true form of a curve from the equation thereof; as will 
facther appear by the examples in the following articles. 


5 

If the value of y be not expreſſed in terms of x, (as is fre- 
quently the caſe,) the value of [x_.- y] will be expreſſed in terms 
containing both x and y. In which caſe, and ꝙ will not be 
found as when [xis a function of x without y being con- 
cerned therein. But they may then be ound as follows. 

Suppoſing 6 to be a value of x, and 4 th: correſpondent value 
of y, when either the numerator or denominator of the value of 


[x - y] is = 9; ſubſtitate 4 + Xx —F"* , Q for y, in the 


equation of the curve ; (the terms being all on one fide, and 


conſequently = © ;) and, in the expreſſion which reſults upon 


ſuch ſubſtitution, take n of ſuch a value, (greater than — 1,) 
that the ſaid expreſſion being divided by the loweſt power of 
* — 6b in the ſeveral members thereof, the quotient ſhall not, 
upon taking x equal to , conſiſt of leſs than two members, all 
the terms in which Q is not concerned being accounted but one 
member. Then, ſucn quotient being = 9, by writing therein 
q inſtead of Q, and the value of “ inſtead of x, q will from 
thence be determined. | 


m and q may alſo be found by ſubſtituting d + x — EF? * 4 
for y in the value of [x  y]. For the reſulting — erk 
ivide 
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divided by m 1X x — N“, the quotient, when x is therein 
taken equal to &, will, by what is proved above, be equal to . 
i. e. if R be 1 for the expreſſion which is obtained by ſubſti- 


tuting, as juſt now mentioned, in the value of [x 5], 


2 


from whence and q may be readily determined, by taking » 
of ſuch a value, that the numerator and denominator of the value 


of the expreſſion 2 T ſhall each be diviſible by one and the 


x — 6 


ſame power of x — ; and, when each is divided by ſuch 
power, neither of the quotients ſhall vaniſh upon taking x equal 


to 6. 


RrMARrK. The exponents of the ſeveral powers of x and y 
being poſitive integers, the concluſion will be exactly the ſame, 
(and the proceſs more conciſe,) if, when the numerator of the 
value of [x /] vaniſhes, and the denominator, at the ſame time, 
does not vaniſh, we write & for x in the denominator, and only 
for y in both numerator and denominator : Alſo, if, when the 
ſaid denominator vaniſhes, and the numerator, at the ſame time, 
does not vaniſh, we firſt write 4 for x in both numerator and 


denominator, and then ſubſtitute 4 + x — [7 9 for y in the 
denominator, and only d for y in the numerator ; omitting (in 
this latter caſe) in the denominator, every term wherein y is not 
concerned before ſubſtitution, and every term but thoſe wherein 
the loweſt power of 4 is concerned after ſubſtitution. 

For the terms omitted in the value of R in conſequence of theſe 
rules would, if they were therein written, always vaniſh in carry- 
ing on the proceſs; as will eafily appear, upon conſidering what 
we juſt now ſaid concerning the expreſſion — 7 

X — 

ExAMPLE I. Let the equation of the curve be x — axy + 
cy So, a and c being invariable pgfitive quantities. 

Then, by reſidual diviſion, we have 4x* — 4 — 2axy [x 25. 
+ 3cy [xy] Se; and conſequently 


4 — ay* 


[x — . — 2000 — 3% 


when x is = 6, will be = m + 1x9: 


be . 2 : 1 - a 2 4 
_ —— 222 * * * — 
P g bn l : — 4 
— . — 2 — —— — — 8 K Pp 4 
— —— p — 2 8 5 * FSA. + L 
r — > 7 bot 
. 22 2— —— 
> ow er np — 1 4 E * T = —_— * — — 
— X 2 — — — „ — 1 


0 


* 
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10 
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LY 

P's; 
? 
: 
= 


— 
— 
—— 
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Suppoſing 
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Suppoſing the numerator 4x* — ay* = o, we, from thence and 
. 177 
the equation of the curve, find x , alſo x = Era and the 
35. 
c 


reſpective values of y are o, and 


Suppoſing the denominator 2axy — 3 = 0, we, from hence 
. . 2.3 

and the given equation, find x o, allo x = 721 and the re- 
c 


254 
eu 


ſpective values of y are o, and 

iſt. Taking 3 e, d will be o, and d A = AN“ 
(the quantity to be ſubſtituted for , in the equation of the 
curve, ) . Therefore x* — 42 FIQ'+ * e-. 


will be = 0; where, it is obvious, that, to determine q as taught 
above, m may be = o, alto m — + 


2 * 


If n be =09, x*— ax'Q" + cx'Q! will be = 0. Therefore, 
in this caſe, (dividing by x, and then taking x , — ag* + cg 


is =0, or g' — 29 =0, Here 4 has three values, two of 


which are each So, and the third = 


Therefore, by Cor. 1. of the laſt Art. the point (A) where Fig. 5r, 
x begins 'is a triple point in the curve; and two of its branches 
touch each other at that point. Moreover, q being to unity, as 
the ordinate to the ſubtangent ; and the value of 9 which relates 
to the ſaid two branches being S o; the tangent to theſe branches 
at A coincides with the baſe AF: and, the value of q which 


relates to the third branch being 25 the tangent (AG) to this 


branch at A makes an angle GAH with the baſe, ſuch, that GH 
(which is ſuppoſed parallel to the ordinates of the curve) is 


to AH, as — to 1. 
If be equal to 25 * — A QA c will be = 0. 


Hence 
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Hence 1 — aq = 0, and === Therefore, by Cor. 5. 


a 
of the laſt Article, there is a cuſpid of the firſt kind at A, the 
tangent to which is coincident with the baſe; and (x being 
always ſuppoſed poſitive when the abſciſſa is on the right of the 
point at which it begins,) the branches forming ſuch cuſpid are 
on the right of the ſame point: which agrees with what we 


diſcovered by conſidering M equal to 6. 


2dly. Taking & equal to e d will be = 5 Therefore 


R 8 4 
- abridged agreeable to our . Remark) is = * 
J 3*a9 3 OT 
x — 8 4 14 $3 4 x —bX x + lx + 6* 
2abd — Ja* 7 * r : 2abd — 3a* 
= m TI xy when x is = . Whence it is manifeſt, that 
3 643 
m8 13 == IJ — . 
„and 7 re Therefore, q being a negative 


quantity, it follows from what is ſaid above, that the ordinate 
BP (Sd) is a maximum when (AB) the correſponding abſciſia 
is equal to 6. | 


3dly. Taking & equal to 2 d will be = = Therefore 
R 
x — 1 


- (abridged according to our Remark) is = x — FF x 


4b* — ad* | 
D 


—=m+1xgq when xis= 6b. It appears 


. þ3 9 4 | 
therefore, that n is = — 2, and ====— 2 Hence 
- 2ab — bd & 4 
. 3 405 — ad* 
is found =/S=S- 


Now, 45 being greater than ad, and ab leſs than zd, the 


value of q is imaginary, and the value of — I“ Xx is real, 
Therefore, by Cor. 6. of the laſt Article, the ordinate , (= d) 
touches a continued arch when (Ae) the. correſponding abſciſſa is 


equal to b; and the arch ſo touched is on the left of the ſaid 


ordinate, 
EXAMPLE 
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ExaMPLE II. Let the equation of the curve be x. — 2x'y = 
4xy TY —y =0. 

Then, by reſidual diviſion, we have 4x* — 4xy — 4 — 
2x" [x = — SY IX L + 25 [x 2 - [x-y]=0; and 
conſequently [x Y = L_ZLLE 2 


= 
Suppoſing the numerator 4 — 4% — 4y* = 0, we, from 
thence and the equation of the curve, find x = o, alſox—2; 


and the reſpective values of y are o, and — 4; y being, in ſuch 
1 | 
e r 
Suppoſing the denominator 2x* + 8xy — 2y + 3y* = 0, we, 
from hence and the given equation, find x = ©, or x == 2, or 
x = = and the reſpective values of y are o, — 4, and . 1 7 


. . + S 2 
being, in this caſe, = NH 2. 
10* == 20x* — 2 


1ſt, Taking & equal to o, d will be So, and d + x — '_ tt 


* Q = x", Therefore, this laſt quantity being ſubſtituted 
inſtead of y in the equation of the curve, we have 


SOT 2Qx" +3 121 40 74 G SE Q LISTER 

And here, to determine 9, mn muſt be = x. 
Conſequently 1 — 2Q — 4Q'x-þ Q' — Q# is o; from 
whence we have 1 — 2g +4 — o: And 9 having two equal 
values, each = 1, there is, agreeable to Corol. 2. of the laſt 
Article, a cuſpid of the ſecond kind, at the point A, * where 
x be- 


* By Corollary 2. of the laſt Article, there is either a cuſpid of the ſecond 
kind, at the point A; or the baſe touches two continued arches, at that point. 
To know whether the curve has a cuſpid there, or not, ſome farther enquiry 
concerning the value of Q is requiſite.— Having found, that Qis = 1 when x 


is = o, we may ſuppoſe Q= 1 + xQ, x being ſome poſitive number or frac- 


tion, and Q ſuch a function of x, that neither it nor its reciprocal {hall yaniſh 
upon taking x equal to 0. | | 


Let therefore 1 + „be ſubſtituted inſtead of Qin the equation 1 — 20. 
+ Q— 4YXx— Qiz* = 0: And then, w the reſulting equation, u may 
c 


105 


Fig. 52. 


106 


THE RESIDUAL 


x begins; the tangent to which coincides with the baſe, and the 
convexity of the branches forming ſuch cuſpid is downwards, 


2dly. Taking 6 equal to 2, d will be = — 4, and x* + 8x* 
— 64x + 80 — 2 ** — 16x + 28 „ x <7" x Q + 
13 — 4x X e — 29 Q' =. It 
appears therefore, that x* + 4x + 20 x x — 2] + 28 — 2 
„aa CT x Q* ww 
= a7 3x Q'is = 0; and that, to determine 9, M mult be 
= 0. Conſequently (dividing by 571, and afterwards tak- 
ing x = 2, and Q ,) 32 + 249 + 59 is = o, and 
q=z—=+ ra — 1. Here, theſe values of q being ima- 


5 
ginary, the ordinate d, by Cor. 1. of the laſt Art. correſponds to 


a conjugate point, when the abſciſſa is = 2. 


3dly. Taking 6 equal to E „ d will be = =, Therefore 


R | 0 . — 
abridged agreeable to our Remark) is = x — þ| 
* ( 8 O ) 
4b* — 4bd — 44 — | . SERIE 
* = — mM + 1xq when x is S. It is evident 
. 
. 3 — 434 — 44 
therefore, that m is = — 2, and 2 27 — —F-7 
2 777 2 
: . 108 Þ & i 2 - 
Hence 9 is found = 1 whe b' — bd — 4. 


be determined, and alſo g, the value of Q when x is = o, in the ſame manner 
as m and g are determined above. 


By proceeding in that manner, » is found ==» and 4 = + 2. Conſe- 
quently y (= Q) is = * + x*Q, Q being ſuch a function of x, that its 


value is + 2 when x is = ©. Whence (* being imaginary when x is ne- 
gative,) it appears, that the curve is not continued on the left of the point A. 
"Therefore, by what is ſaid above, there muſt be a cuſpid of the ſecond kind, at 
A, as in Fig, 52. 

And by purſuing the ſame method, we may be ſatisfled in other ſuch ambi- 


Cu Ar. VIII. ANALYSIS, 
Conſequently, the value of 9 being imaginary, the value 


of —11"x 9 is real: and, by Corol. 6. of the laſt Art. the 
ordinate BD (= 4) touches a continued arch, when (AB) the 


correſpondent abſciſſa is equal to 5; and the arch fo touched is 
on the left of the ſaid ordinate. 


ExAMPLE III. Suppoſe Xx — qxy* + 7 =0O. 


Then will [x +. y] be = = 55 
Suppoſing the numerator 3. — 35 = 0, We, from thence 


and the other equation, find x =o, or x = A 2, or x =—vV2; 


and the reſpective values of y are , 2, and — V2. 


Suppoſing the denominator 6xy — 55 = 9, we, from hence 


and the firſt equation, find x = 09, or x = 2 x V2, or 

x = — 2x V2, and the reſpective values of y are 0, 
> bly 

3 X Vd, and — * V2. 

55 oF 


iſt, Taking 5 equal to o, d will be = 0, and 4+ * 
K 2 Q. * 7 '. Therefore & — 30 +3 + Q. K* 75 i8 
== 0; where, it is obvious, may be == 0, alſo m 2 — = 

If be equal to o, 1 — 34 will be = : Hence 9 is found 


PDT : nl : . 
= D * 2] . By theſe two values of 9 it appears, 
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that two branches of the curve interſect each other at A, the Fig, 53. 


point where x begins: and that the tangents (AG, Ag) to thoſe 
branches, at A, make equal angles (GAH, gAb) with the baſe 
AE ; and ſuch that GH and gh (which are ſuppoſed parallel to 
the ordinates of the curve) are to AH and Ah reſpectively, 


Af 
as —| tO TI. 
3 


If n be equal to — - — ze +9' will be =9: Hence 


we have 4 = 35. Therefore, by Corollary 4. of the laſt Article, 
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A is a point of contrary flexure, in another branch of the curve; 
the tangent to which, at that point, is parallel to the ordinates ; 
and, 9 being poſitive, che value of y correſponding to this branch 
will be poſitive when x is poſitive. 


| 2dly. Taking 3 equal to + V/2, d will be = + V2. 


Therefore ET (abridged 3 to our Remark) is = 
X* ces WITT > Xx x 2 | 
r 1 8 LTP IX? 


e « bbd — 54“ 7 JT 
when x is 25. Whence it is evident, that is = 1, and 
7 = 2 Therefore, q being negative when 5 is = V2 
_ 2 1 
and poſitive when 5 is = — V/ 2, it follows, from what is ſaid 


above, that the ordinate BP (= V/ 2) is a maximum when (AB) 
the correſpondent abſciſſa is = V/ 2:: and that the ordinate by 
(Sa) is a minimum when (Ab) the abſciſſa correſponding 


thereto is equal to V2; b being on the contrary fide of A, 
from B; and the point 2 y the bale. 


3dly. Taking 6 equal to + 2 xvV/ 2, d will be = _ = V 2. 
* 1 


Therefore == (abridged agreeable to. our Remark) is = 


* —Þ "x — . . 


Whence it is manifeſt, that m is = — = and q = _y 
Conſequently, the value of 9 being imaginary or real, and the 


value of — II“ x g real ge imaginary, according as & is taken 
equal to 2 7 Xx 2 or — - x V/ 2; the ordinate EF (by Cor. 6. 


of the It Art.) W a —_— arch, when (AE) the 
abſciſſa anſwering thereto is equal to - x VV 2, and the arch fo 


touched is on the left of the ſaid ordinate : likewiſe the ordinate 


ef touches a continued arch, when (Ae) the corr eſpondent abſciſſa 
| 18 
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is equal to AE; e being on the contrary ſide of A, from E; 
and the point f below the baſe; and the arch fo touched is on 
the right of the ſaid ordinate /. 


6. 


When m is =o, and the curve is continued on both ſides 
of the ordinate d, that ordinate may paſs through a point of 
contrary flexure, the tangent to which is oblique to the baſe and 
ordinate,—Suppoſe P to be ſuch a point in the curve Pf, and let Fig. 54. 
Pg be a tangent at that point. Then, the ordinate ef, interſect- 55: 
ing that tangent in g, being called y; the ordinate BP, 4; and 
the abſciſſas AB and Ae, & and x reſpectively ; ef— zg will be 


= —d—x—bXg, q denoting the value of [xy] when 
x is b, i. e. qis =d — Subtang. Which value of ef — eg, 
it is manifeſt, will (as when it relates to Fig. 54.) be poſitive 
when x is greater than 5, and negative when x is leſs than &; or 
(as when it relates to Fig. 55.) poſitive when x is leſs than 5, 
and negative when x is greater than 6. Therefore, by Chap. 4. 


Art. 3. x — N may be aſſumed = y — d -& —6bXg; n 
being an odd number, or a fraction whoſe numerator and deno- 


minator are both odd numbers ; and & ſuch a function of x, 
that neither it nor its reciprocal ſhall vaniſh upon taking x equal 


to . From which aſſumed equation we have y =d + x — b.q 
+ x =. Q: Therefore, y being before ſuppoſed = d + 
x—6b.Q, it is evident q + x — n Q will be: = Q; 


where, it is plain, 7 muſt be greater than 1. 


Let therefore 9 + x - & Q be ſubſtituted inſtead of Q. 
in any equation found by ſubſtituting, and taking #2 equal to o, 
as in the preceding article: And then, ſuppoſing 7 to be the 


value of Q when x is = b, n and q will be determined in the 
ſame manner as are n and q in that article. 


By the value of » (fo determined) it will appear whether the 
ordinate d correſponds to a point of contrary flexure, or js 5 
and, 
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and, if it does correſpond ,to ſuch a point, the value of 7 will 
ſhew the tendency of the curve on both ſides thereof, the con- 
vexity of the branch on the right of that ordinate being down- 


. 4 . * . 
wards or upwards, according as q is poſitive or negative. 


ExAMPLE. Jn Examp. 3. of the laſt article, y is = o, when 
xi =0: and by ſubſtituting Qx” T* inſtead of y, in the equa- 
tion of the curve, we get » — 4Q&zx% T3 Q'z5" = o 
from whence, by taking n equal to o, and dividing by &, we 
have 1 — 30 ＋ Q's*= o. Hence 9 (the value of Q when x 


is =0) is found = + 7 


Subſtituting 9 + x"—1Q inftead of Q, we have 
123 37 — 6qx" — 6 — 38 —=20* 
= 9 * + 57 T1Q + 109 %ë . + 109957 IQ + == ©. 
55 NT * = 3Q! 


Here, it is obvious, 2 muſt be = 3; and conſequently 


9 — 699 = 0. os 
Therefore 7 is = 5 ; (= -_ „ as well when q is = — * 15 


as when q is = af A ) and it appears that the two branches of 


the curve, whoſe tangents at the point A are AG and Ag, have 
each a point of contrary flexure at A, as in Fig. 53. 


7. 
P being a point of contrary flexure, and the abſciſſa and 


ordinate correſponding thereto being called and 9 reſpectively; 
and the value of [x L y], when x is = Þ, being denoted by g ; 


3 —J—x—Pþ.9, as is ſhewn in the preceding article, will 
be poſitive when x is greater than P, and negative when x is leſs 


than G; or poſitive when x is leſs than g, and negative when x 
is 
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is greater than H, how near ſoever x be taken to g. There- 


y—T— x — 


2 . . „ * 
fore being poſitive or negative according as 
y —d — x —þ.9 is poſitive or negative, it follows from Art. 1. 


— F n — B. . . 
Chap. 4. that the value of 7 — 7, or its reciprocal, 


will be So, when x is . 


3— 4 — 6.9 
R 


when * is B, (i. e. when y is = q,) is = the value of EN. 


Now, by what is taught in Chap. 2. the value of L= 


Conſequently [x A y] is = o, or 7 N = 0, when the 
x 2 


ordinate y correſponds to a point of contrary flexure : And the 
ſame concluſion follows, from conſidering that [x = y], the 
quotient of the ordinate divided by the ſubtangent, is then a 
minimum, as in Fig. 54. or a maximum, as in Fig. 55. 


Moreover, ſuppoſing to be a value of x, and d the corre- 
ſpondent value of y, in either of the equations [x ] = 0, 


I . . 7 2 — 5 — * g. 7 ” 
or So; and aſſuming x -H x Q = - 
al a ay r=" na. 


being ſuch a function of x, that neither 9, the value of & 
when x is = B, nor the reciprocal of that value ſhall vaniſh ; 


: — 9 — K* —— 3 X 7 — * 
we have = Q; from whence, when x is 
r 
- a 8 i 
E . 


e n 
it follows, from what is before ſaid, in this and the 4th Chap. 
that, the curve being continued on both ſides of the ordinate. 9, . 
if 2 be an odd number, or a fraction whoſe numerator” and 
denominator are both odd numbers, [x - y] (when x is-= ) 


will be a minimum or a maximum, according as 7 is poſitive or 

negative; and the ſaid ordinate 9 ſhall paſs through a point of 

contrary flexure. But if 72 be an even number, or a fraction 

whoſe numerator is even and denominator odd, ſuch ordinate 

will correſpond to a point of the curve where the curvature is 
5 : nothing 
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nothing or infinite, and the concavity of the curve is turned the 
ſame way on both ſides of that point. 


When [x Ly] is a function of x without y being concerned 


therein, 2 and 7 will be determined in like manner as are 7 
and q when [x L] is ſuch a function of x. 


To find » and q when the value of [x ] conſiſts of terms 
in which both x and y are concerned, let 9 + x -. q+ 


* — BF? x Q be ſubſtituted for y, in the equation of the 
curve; or 9 Xx -. 4 ＋ * — at? q for y in either of 


the equations 55 — = ＋ = 9 when x is = G, or 
n 2. — ä 
(og) when x is 8. From either of 


n = I . 2 + 2.x 
which equations, after ſubſtitution, and q may be determined 
in the ſame manner as m and 9 are determined above. 


CoROLLARY I. 7 being an odd number, or a fraction whoſe 
numerator and denominator are both odd numbers, as many 


ſingle different real values as 7 has, ſo many different branches 
of the curve are continued on both ſides of the ordinate 9, each 
having a point of contrary flexure at P, the point to which the 


faid ordinate correſponds: And two equal values of q denote two 
ſuch branches, both turned alike ; or a cuſpid of the ſecond kind, 
at that point. 


Moreover, (x being ſuppoſed poſitive when the abſciſſa is on 
the right of the point where it begins) the branch of the curve 
on the right of the ordinate 9 will have its convexity downwards 


or upwards, according as 9 is poſitive or negative. 


COROLLARY 
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COROLLARY II. 7 being an even number, or a fraction whoſe 
numerator is even and denominator odd, as many ſingle different 


real values as q has, ſo many different branches of the curve are 
continued on both fides of the ordinate d, touching each other 
in P, and each having its curvature no/hing or infinite, at that 
point, according as 7: is poſitive or negative: And two equal 


values of 7 denote two ſuch continued arches, both turned one 
way; or a cuſpid of the ſecond kind, at P. 


* | . * * 
Moreover, according as ꝙ is poſitive or negative, the branch 
to which it relates will, at P, have its convexity downwards or 


upwards. 

CoRoLLARY III. 7 being a fraction whoſe numerator is odd and 
denominator even, as many ſingle different poſitive real values as 7 
and — 11“ x 9 have, ſo many cuſpids of the firſt kind will be 
formed at P: and two equal poſitive real values of 9, or of 
— 11x 9, denote two ſuch cuſpids, at that point, both point- 
ing one way ; or a cuſpid of the ſecond kind there. 


Moreover, (x being ſuppoſed poſitive when the abſciſſa is on 
the right of the point where it begins,) according as the value 


of q or — 1] 'x 9 is real, the branch or branches forming the 


cuſpid to which ſuch value relates will be on the right or left of 
the ordinate d. 


CoROLLARY IV. 7 being o, as many ſingle different real 


values as q has, fo many different branches of the curve are 
continued on both ſides of the ordinate 9, touching each other 


in P: and two equal values of q denote two continued arches of 


equal curvature at P, and both turned one way; or a cuſpid of 
the ſecond kind, at that point, 


. The 
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The tangent, at P, to ſuch cuſpid, or continued arches, will 


be oblique to the baſe and ordinate ; and, according as 9 is poſi- 


tive or negative, the branch to which it relates will, at P, 
have its convexity downwards or upwards. 


Having ſaid ſo much concerning curves referred to a baſe, 1 think 
it unneceſſary to add any thing here relating to SpixALs ;—to which 
kind of curves the intelligent Reader will readily apply the above 
method of reaſoning. 
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C HAP. IX. 
Of the Asvurrorks of curve Lines. 


& KXKXS a knowledge of the tendency of the infinite branches 
78 * of a Curve, when ſuch there are, is requiſite for the 
n ws Obtaining a clear idea of the figure of ſuch Curve, 
XMMNMN and may ſometimes facilitate the buſineſs of finding 

the moſt diſtinguiſhed points therein; I ſhall there- 
fore point out an eaſy method of finding the Aſymptotes to ſuch 


branches, by which means their tendency may be very readily 
diſcovered. | 


A branch of a curve when infinitely continued may be con- 
ſidered as coinciding with its aſymptote. If therefore m7 and u 
be reſpectively put for the ſines of the angles which a rectilinear 
aſymptote makes with any ordinate and the baſe ; or for the fines 
of the angles which the tangent to a curvilinear aſymptote, when 
extended infinitely, makes with any ordinate and baſe ; m will 
be to , as [V x] to ſv. y], when the curve is infinitely con- 

tinued. Conſequently, if from the equation of the propoſed 
curve, (which ſuppoſe clear of ſurds,) we, by reſidual diviſion, 
(v— being the diviſor,) deduce a ſecond equation, and therein 


write m and 7 inſtead f v and [V= e 
2 all 
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ſhall obtain the equation of an aſymptotic line, one dimenſion 
lower than the given equation, where 72 and 7 will be ſome 
invariable quantities, which will be determined in conſequence of 
this proceſs. And, the propoſed curve being above the ſecond 
order of lines, we, from the equation of that firſt aſymptotic line, 
by the like reſidual diviſion, and again ſubſtituting m and 7 inſtead 
of [v + x] and ſv - y] reſpectively, may deduce the equation 
of a ſecond alymptotic line, two dimenſions lower than the 
given equation, Likewiſe, the propoſed curve being above the 
third order of lines, we, by our ſaid diviſion and ſubſtituting as 
before, may derive, from the equation of ſuch ſecond aſymptotic 
line, the equation of a third aſymptotic line, three dimenſions 
lower than the given equation. And ſo, with great facility, we 
may proceed with any given equation, till we get equations of 
aſymptotic lines of every dimenſion lower than the given equa- 
tion: alſo, from the loweſt of thoſe equations, (viz. that of one 
dimenſion,) we may, by continuing the ſame proceſs, obtain an 
equation containing no other unknown quantities but and u; 


from whence 25 or will be determined; and then all that is 


m 
requiſite, in the ſeveral equations of the aſymptotic lines before 
found, will be known; and conſequently the tendency of ſuch 


lines, and of ſuch branches of the propoſed curve to which they 


are aſymptotes. 


SCHOLIUM I. The poſition of the ultimate tangent “ to a 
parabola being not determinable, ſuch tangent only coming, at 
an unlimited diſtance, almoſt to a paralleliſm with ſome certain 
right line : when the aſymptotic line (expreſſed by any equation 
found as above) is of the parabolic kind, it will appear by ſome 
equation in the above proceſs, that m (or n) cannot be taken 
abſolutely equal to its apparent value in the final equation in the 
ſaid proceſs, without occaſioning an abſurdity ; and the impoſh- 
bility of a rectilinear aſymptote will be evident. Therefore, in. 


ſuch caſe, we are to conſider mz (or ) only as approaching very 
near to ſuch apparent value; and accordingly, inſtead of — (or _ 


ſubſtitute its value obtained: from ſome equation before found. 


* By ultimate tangent, I mean the tangent to an infinitely diſtant point of 
the curve, | Scno- 
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ScuoLiuM II. It may happen that the aſymptotic equation 
of two (or more) dimenſions, found by our proceſs, will ex- 
preſs two (or more) right lines, inſtead of expreſſing a curve. 
In which caſe, to find the moſt ſimple hyperbolic aſymptote 
of the branches to which a rectilinear one ſo found relates, ſome 
farther enquiry is requiſite, Suppoſe the equation of a rectilinear 
aſymptote (found by the above proceſs) to be y = Ax + B. 
Then, it is obvious, the branches to which ſuch right line is an 


aſymptote may be expreſſed by the equation y = Ax + B + of Q; 
y being ſome negative number or fraction, and Q ſuch a func- 
tion of x, that neither (4) the limit to which it converges, when 
x (being a very large quantity) is taken greater and greater, 


nor (=) the reciprocal of that limit, ſhall be =o. And it is 


likewiſe obvious, that y = Ax + B + qd is the equation of 
the moſt ſimple curve which may be an aſymptote to ſuch 


branches. Therefore let Ax + B + * Q be ſubſtituted for y in 
the given equation; and take p of ſuch a negative value in the 
reſulting equation, that the ſame, after it is divided by the higheſt 
power of x therein concerned, ſhall not, upon ſuppoſing x in- 
finitely great, conſiſt of leſs than two finite members: From 
whence q may be determined. Mu 


ExAamPLE I. Let the equation of the curve be y* — ax'y* ＋ 
bx S o; a and b being invariable poſitive quantities. 


Then, by proceeding as above mentioned, we find the 


2am . 
1ſt Hmpt. equat. a) aa —- ys =0: 
fe am 2 
2d afympt. eguat. 6n'y — 4amnxy + 3bm*s = o; 
— an x 
zd aſympt. equat. 4n'y _ ant. . bm' = 0: 
allo nf — amn S o; 
4 n 27 ae 
where — is = o, or — = + Va. 
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Taking 55 equal to + a* and — 45 ſucceſſively, it appears, 
by the zd aſympt. equat. that the curve has two rectilinear aſymp- 


3. : 3. 

totes, whoſe equations are 2a 5 - 24's + b = o, and — 24*y 

—2ax+6=—=0; and, by the 2d aſympt. equat. that the two 
8 


hyperbolas, whoſe equations are ay — 44 u) — ax ＋ 36 = o, 


and gay + 4% xy — ax + 3b So, are aſymptotes of the 
propoſed curve; alſo, by the 1ſt aſympt. equat. that the curve 
has for aſymptotes two lines of the third order, whoſe equa- 


tions are 4a — 2 — 24 x'y + 36x" = o, and —4a*y' 2 
24 ＋ 24 N55 + zv = 0, 

Taking — equal to o, we have, from the 3d aſympt, equat. 
„o: which is abſurd, (as 6 is ſuppoſed of ſome value,) and 


therefore, according to Schol. 1. ſhews that there is no rectilinear 


aſymptote parallel to the baſe ; (the final equation r = o only in- 


dicating, that the ultimate tangent of ſome parabolic aſymptote has 
nearly that direction;) and that, for the ſaid aſymptotic equation to 


be a true one, = muſt not be conſidered as abſolutely = o, but 


m 
only as indefinitely ſmall, ſo that being multiplied by a very great 
quantity, the product may be ſomething conſiderable (viz. = 6). 
Therefore, from that conſideration, retaining the terms wherein 


the root — is found, (after dividing by ,) as being moſt con- 


ſiderable; and rejecting thoſe in which the higher powers of 


. 2an 
= are concerned, as inconſiderable ; we have — = 6, or 


mm 


„ = —-- Which laſt quantity being ſubſtituted for ar in the 
aſymptotic equation, after dividing by . and rejecting 


. * « 2 
the terms wherein — is concerned, we get bx — ay = ©. 
mM 


Conſequently the conical parabola expreſſed by this laſt equation, 
is an aſymptote to the propoſed curve. Moreover, by ſubſtitut- 


ing 26 inſtead of _ in the 1ſt aſympt, equat. it appears that a 
line 
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line of the third order, whoſe equation is ) — 4πn + abx* Do, 
is an aſymptote to the ſame curve. 
ExamPLE II. Let the equation of the curve be 
xy* ＋ oy — & — bx) — ix —d = 0: 


Which is the chief equation in Sir IsAac NEewToN's Enumerat. 
Linear, Tert. Ordinis. 


Then, by reſidual diviſion, we find the 


1ſt aſympt, equat. 4 425 Ten — zamx — 2bmx — c = 0; 


2 . 3 
2d aſympt, equat. 4- * 79 — zam x m o: 
alſo mn — an = ©; 


where — is = o, and 2 — + £. 

1 7 — + 
It is evident therefore, that, when à is a poſitive quantity, 
the curve has three rectilinear aſymptotes; one of which, as 
appears by the ſecond aſymptotic equation, is the principal or- 
dinate, and the other two are expreſſed by the equations 


240% — 2 — b o, and 24*'y L 2ax þ b = 0. More- 
. I 5 
over, by taking 5 equal to o, A, and — V ſucceflively, in 
a * G * 
the iſt aſympt. equat. it appears that the curve has for aſymptotes 
the three hyperbolas, whoſe equations are 2 + e = ©, 


' 5 N 
y + 24*xy + a*e — Jax — 2bx - c = ©, and y' — 24 
1 a 


— ae — Jax — 26x — ( 98. 


. 2 Py z 
When à is = ©, un is = 0; whence = = ©, or = == ©, 
NA mm 


Therefore, if & be not alſo S o, it is manifeſt, from the ſecond 
aſympt. equat. that the curve cannot have a rectilinear aſymptote 


parallel to the baſe: But (rejecting x as inconſiderable) we 
| have. 
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have, from that aſymptotic equation, = = 2. Which laſt 
m 2y 

quantity being ſubſtituted for —, in the 1ſt aſympt. equat, 


after rejecting 15 as inconſiderable, we get y* — bx c o. 


Conſequently the parabola expreſſed by this laſt equation is an 
aſymptote of the propoſed curve. 


If both @ and & be equal to o, the ad aſympt. equat. entirely 
vaniſhes when 5 is taken equal to o; and from the iſt aſympt. 
equat. we then have y* — c = o, which is an equation to two 
right lines parallel to the baſe. From whence we have y — a, 


and y = — c. Therefore, in this caſe, the curve has two 
rectilinear aſymptotes parallel to the baſe, one above and the 


other below ; and the diſtance of each from the baſe is *. And 


it is plain, theſe aſymptotes, when c is = o, both coincide with 
the baſe. 


It is obſervable, that, in every caſe, the principal ordinate is 


an aſymptote. 
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CHAP. X 
Of the Drauz TER and CenTERs of curve Lines. 


NN finding the forms and properties of curves, we 
K frequently have occaſion to enquire concerning 
þ I their diameters and centers: It may therefore be 


ſuch enquiries. 


T. 


When any number of parallel right lines, drawn between two 
branches of a curve, and terminated by thoſe branches, are all 
biſected by ſome line, I call ſuch biſecting line a diameter of the 
firſt kind. And, any number of parallel right lines being drawn 
between two extreme branches of a curve, and cutting the inter- 
mediate branches; if thoſe parallels be interſected by ſome line, 
(which is not ſuch a diameter as juſt now mentioned,) ſo that the 
aggregate of the parts of any parallel, lying on one fide of that 
interſecting line, and terminated by it and a branch of the curve, 
be equal to the part, or aggregate of the parts, of the ſame 
parallel, terminated in the ſame manner, lying on the contrary 
fide of the ſame interſecting line; I then, for diſtinction fake, 
call ſuch interſecting line a diameter of the ſecond kind. When 

R all 


Lo worth while to ſhew the uſe of our doctrine in 
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all the rectilinear diameters of this ſecond kind, appertaining to 
any curve, interſect each other in one and the ſame point ; ſuch 
point of interſection, I preſume, may, not improperly, be called 
a diametric pole, 


2. 

A point biſecting all right lines drawn through it, and ter- 
minated by two branches of a curve, I call a center of the r 
kind. And, any number of right lines being drawn through a 
certain point, terminating at the extreme branches of a curve, 
and cutting the intermediate branches ; if the aggregate of the 
parts of any ſuch line, lying on one fide of that point, and ter- 
minated by it and a branch of the curve, be equal to the part, or 
aggregate of the parts, of the ſame line, terminated in the ſame 
manner, lying on the contrary fide of the fame point ; we may 
denominate ſuch point a center of the ſecond kind. 


* 
| Fig. 6, EFG being any curve, whoſe abſciſſa AB, is called x; and 
ordinate BF, y: ſuppoſe g/g to be another line, whoſe abſciſſa 
Ab, and ordinate bf, (parallel to BF,) are denoted by v and 20 
| reſpeCtively : alſo ſuppoſe the right line E/, which we will call , 
| always to make invariable angles with thoſe ordinates. Then, 
drawing // parallel to AB, and calling the fines of the angles 
FBF, fFh, and EV; k, mn, and n reſpectively; fh will be 


mu _ IT : 1 
T, and Fh = —. Conſequently, writing & inſtead of , x 


will be = v + mz, and y = w + uz, Which values of x and 
y being reſpectively ſubſtituted for their equals, in the equation 
of the curve EFG, the nature of that curve will be expreſſed by 
an equation ſhewing the relation of the three quantities v, w, and 
2; which may all vary together, whilſt ½ and ꝝ remain inva- 
riable. And by expreſſing the nature of the curve in ſuch 
manner, many uſeful concluſions relating thereto may be very 
calily inferred, 


4. Suppoſe 
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4. 
Suppoſe the equation of the curve EFG to be 
ax"y! + bx y &c. = 0: 
and ſuppoſe that, when v + mz and w + τ are therein re- 
ſpectively ſubſtituted for x and y, the reſulting expreſſion, viz. 
2. UTM N —— 5. U + mz| a 9 ＋ n2\ &c. is 
„ D 03 ec pa T7; 


þ +9 denoting the order of the line EFG, and A, B, C, Ge. 
being functions of v and w, in which 2 is not concerned, 


Then the value of [? @.v + me , w * ma] ＋ 
[ts b.v+ m2| . w + ” Sc. when only 2 is conſidered 


as variable, and unity is wrote inſtead of [f 2], being the 
ſame as when v and w are conſidered as variable, and S as inva- 
riable, and #2 and 7 are wrote inſtead of [f +. v] and [? = 4} 


reſpectively; A, B, C, Sc. will be found as follows. 


iſt, From the above aſſumed equation, we, by taking z equal 
to o, get au 201 + by w &c. = A. 


2dly. By reſidual diviſion, making #— ? the diviſor, and, on 


one ſide of the aſſumed equation, conſidering v and w as variable 
whilſt 2 is invariable, and writing and 7 inſtead of [,L v] 


and ? -- ww] reſpectively ; and, on the other fide, conſidering z 


only as variable whilſt A, B, C, &c. are invariable, and writing 
unity for [? = 2]; we get 


amp. SE . PANT + ong.oFmel wn” 
+ bmr .o-Fmel A + bus PANT. w Cas Ke. 
= B + 2Cz + 3Dz + 4Ez' &c. | 


Hence, by taking 2 equal to o, we have 


amp wu + angd of = bmry *] = bn&v w © &C B. 
R 2 And 
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And the values of C, D, E, &c. may be found in the ſame 


manner, | 

It is obvious therefore, that, if, in the equation of the curve 
EFG, (the terms being all brought to one ſide,) and the ſeveral 
aſymptotic equations deduced therefrom by reſidual diviſion, (as 


in the preceding chapter,) v and 4 be ſubſtituted inſtead of x 


and y reſpectively ; the ſeveral expreſſions, after ſuch ſubſtitution, 
will be the ſame as thoſe by which (2, 2, 2, 2, &c.) the 
ſeveral powers of z are reſpectively multiplied when v + and 
20 ＋ 12 are ſubſtituted for x and y in the equation of the curve 
EFG, as before mentioned. And, by means of ſuch expreſſions, 
we may not only determine the aſymptotes of curves ; but 
likewiſe, with the greateſt facility, may find their diameters and 
centers ; and moreover, diſcover many other remarkable particu- 
lars relative to the interſections of lines, 


ExAMPLE. Let the curve be propoſed whoſe equation is given in 
Examp. 2, of the laſt chapter : which equation 1s 


xy* + ey — 4 — bx — c — d = 0. 
Then, tranſmuting that equation, as above mentioned, we 


have 
UW ＋ e — 4 — by) — 0 — 4 


+ mw* + 2nvw + en — zam — 20MV — cm x 2 
＋ 2mnw + nv — 3am v — bn x 2 


. 


E un — am x 2 
Now, conſidering n and 7 as invariable whilſt v, ww, and vary; 
if 2 has but two values, and one of them is always as much 
negative as the other is poſitive, the line efg, with reſpect to 
EFG, will be a diameter of the firſt kind: Which will be the 


caſe when the coefficients of 8 and 2 vaniſh, and, at the ſame 
time, the coefficient of 2* and the terms in which & 1s not con- 


cerned, do not vaniſh. Therefore, = being as determined by 


the equation mm — am o, let the equation of the line ef g 


be the coefficient of 2 put = o, i. e. 


mw* + 2nvw en — zam — 2bmv — cm = 0; 
| and 
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and that line will be a diameter of the firſt kind, with reſpect 


to the curve EFG. Moreover, having three real values when 


a is poſitive, there will then be three ſuch diameters ; which will 
be expreſſed by the ſame equations, by which the hyperbolic 
aſymptotes of the curve EFG are expreſſed, in the ſecond Ex- 
ample in the preceding Chapter; and, cfg being ſuch a diame- 
ter, EF will be parallel to a rectilinear aſymptote of the fame 
curve. 

The equations expreſſing thoſe diameters are 2vw + e = o, 


1 1 — 
20 + 24 bie + ate — 34 —2bv—Cc=0o, and w — 24*vw 
1 


— 4e — za — 24 — c —= o. The firſt of which, when 
e is = ©, expreſſes two right lines, one coinciding with the 
baſe, and the other with the principal ordinate ; whereof, the 
former is a diameter of the firſt kind, and the latter an aſymptote 
of the propoſed curve. By the ſecond of thoſe three equations, 
6 4 = 1 1 3 Com ae . 
WIS = — a*vV +208 2 3 ; and, by the third, 


44 


* = > 2 b Is 
wb = 850*+ 20 v + = + 2 _ . It appears there- 


fore, that if 2 be = © ae, or - = Cc + a*e, the ſecond or 
third of thoſe three diametric equations will accordingly expreſs 
two right lines; one of which will be a diameter of the firſt kind, 
and the other an aſymptote of the curve EFG: and that, if e 


be —= o, and 5 = c, the ſecond and third of the ſaid diametric 


equations will each expreſs two right lines ; whereof, one will 
be a diameter, and the other an aſymptote, as juſt now men- 
tioned ; fo that, in this laſt caſe, the propoſed curve will have 
three rectilinear diameters of the firſt kind. 


If a be So, the ſecond and third diametric equations both 
become 20 — 2bv — © = ©, an equation to a conical parabola 
which differs a little from the parabola that, in the fame caſe, 
is an aſymptote to the curve: and this diametric parabola will 
biſect lines drawn parallel to the baſe, and terminated by two 
branches of the propoſed curve, 1 
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If both @ and 4 be equal to o, the coefficient of 2* will 


vaniſh when = is o; which ſhews that no right line parallel 


m 
to the baſe can cut the curve EFG in more than one point. It 
is therefore obvious, that, in this caſe, (as well as when @ is 


negative,) the curve will have but one diameter of the firſt kind, 


which will be expreſſed by the firſt of the three diametric equa- 
tions above written, 


It is manifeſt, that, if the equation of the line /g be the 
coefficient of z put = ©, i. e. 2mmo + n'v — zam o — bm 


= 0; let — be what it will, (provided it be not a root of the 


* 3 . o * 
equation = — = o, ) that line will be a diameter of the 


77 


ſecond kind, with reſpect to the curve EFG. 


And, _ being of any value whatever, when b is So, w in 


the laſt mentioned diametric equation will always be equal to © 


when v is equal to o; and conſequently the point where v (or x) 


begins will, in ſuch caſe, be a diametric pole. 


In finding a center of either kind, by our method, %g muſt 
not be conſidered as a line, but as a fixed point ; and therefore 
v and w muſt be conſidered as invariable, in the coefficients of 


the ſeveral powers of z, whilſt 5 and z vary. Now, as _ muſt 


be variable, it is plain, that mn — am, the coefficient of 2“, 
cannot be equal to o. Therefore, for the propoſed curve to 


have a center of the firſt kind, the coefficient of z* mult vaniſh 


without determining the value of — ; and the terms wherein 2 


is not concerned muſt alſo vaniſh, that the remaining terms 


in the equation of the curve may be diviſible by z. Con- 


ſequently, when a line of the third order has a -center of 
the firſt kind, ſuch center will always be ſome point in that 
line. Moreover, for (ama + nv — zam o — n) the 


coefficient of 2 to vaniſh without determining the value 
ä oft 
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of 2, it is evident 5, v, and w muſt each be = ©; and fince, 
n 


the terms in which 2 is not concerned being ſuppoſed = o, 
2 cannot vaniſh when v vaniſhes, unleſs the term d be 
wanting; it follows, that the curve will have no center of 
the firit kind, unleſs þ and d be each = o; and that, if 
the terms hx and d be wanting in the propoſed equation, 


the point where the abſciſſa (x) begins will be a center of 
that kind. 


It is obvious, that, if the coefficient of 2* vaniſhes without de- 
termining the value of — and, at the ſame time, the terms in 


which 2 is not concerned do not vaniſh ; the curve will have a 
center of the ſecond kind Which will be the caſe, when 5, v, 
and ware each S o; and the term d, at the ſame time, is not 


wanting: the point where the abſciſſa (x) yes being then ſuch 
a center, 


This Chapter might be extended to a great length, in expati- 
ating on the uſefulneſs of our method of tranſmuting the equa- 
tion of a curve; but what is already ſaid may ſuflice to enable 


the intelligent Reader to make a farther application of it, at 
his pleaſure, 


In the inveſtigation of propoſitions, as well phyſical as geo- 
metrical, the relation between two variable quantities is frequently 
the object of our enquiry ; and ſuch relation never appears more 
clearly, than when one of thoſe quantities is conſidered as the 
abſciſſa, and the other as the correſpondent ordinate of a curve, 
and the form of the curve is properly aſcertained By conſider- 
ing the variable quantities in that light, miſtakes are prevented, 
and the molt ſatisfactory concluſions obtained, in various intereſt- 
ing diſquiſitions, particularly in the reſolution of problems relat- 
ing to the maxima and minima of quantities —Now, in aſcer- 
taining the form of a curve from the equation thereof, the 
Articles in the laſt three Chapters will, I preſume, be found of 


conſiderable 
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conſiderable uſe; and therefore be acceptable to the ingenious 
lovers of Geometry: Who, finding the proceſſes eaſy and ex- 
tenſive, will, I am perſuaded, eſteem their farther application a 
pleaſant exerciſe, | 
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